MAE 473-573: Lecture#30 - Representation of Points, Lines, and Planes

L ecture Overview:

o Administrative

e Motivation

e Isapoint on aline (2D)?

 Isapoint on aplane (3D)?

« 3D example

» The intersection of aline and a plane
« Outward normal calculations

* Next up: Curves and Surfaces
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e Administrative

« Schedule - this week

e Deadlines: HW5 - next Wednesday!

 Project 1 demos - thisweek M-W!

« HW5, HWG6 - work with project partner!

 HW4 demos - same TA’ s will be contacting you...
 Glut.h header problems...

* Project 2..........

e Time management - HW5, Final Project abstract

e Exam #1 corrections
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e Motivation

o \Various operations we' ve seen in Graphics require basic
operations (vector/matrix algebra) pertaining to points, lines, and planes

« Aswe' ve seen, much of this theory needed for hidden line
removal, shading calculations, surface visibility tests, lighting,
depth calculations, etc.

* Note: we' ve al seen thistheory - Geometry | - many moons ago

o Little/no context for learning this information at the time

* Now, you can see how/when it may be useful!
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e Isapointonaline (2D)? (Useful for Scan Line approach)

A point p: X y 1]7
A linel: [a b c]", where[ab]" isavector N normal to the
line, and c is the y-intercept!

A pointison alineif: [p]'[I] =0
(lLe.ax + by +c=0)

Example:

Line:2x-y-1=0
test point: [1 1]

PITI1=[111][2 -1 -1]"=1(2) + 1(-1) + 1(-1) = 0. Yes!
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e Isapoint onaline (2D)? (cont.)

Checks on result:

Dot product of N-T, where T isthe vector tangent to the line.
Here, N-T =[2 -1][1 2]"=0.

e Intercept: 2x -y -1 =0. At x=0,y =-1.

Note: thisisthe easy case; one that we' ve all seen.
Let’s go to the more general (and complex) case - planes
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 Isapoint on aplane (3D)? (Warnock’s - case 4)

A point p: Xy z 1]T
A plane P [abcdT

A pointison aplaneif: [p]T[P] =0
(lLe.ax +by+cz+d=0)

|dentifying a plane from 3 points, r, g, and s
e 1y 1, 1f[abcd]" =0. (assuresr isin plane)

q, O, 0, 1][abcd]"=0. (assuresqisin plane)
S S S, 1j[abcd]"=0. (assuressisin plane)
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 Isapoint on aplane (3D)? (cont.)

ln matrix form: ar. o, Wwéan €0
s Ué.u éxl
M a9 Ly O
és, S, S, 10écu é&ou
é ué,u é,u
€0 0 0 IfedC edr
“M” | |
. 0 Note: Inversion
. éal) Y
Solve for plane equation: 8,0 89 OK so long as
La= -1 &0 points rg,sare
écu a0( not collinear
é,u é.u
edg edt
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Note: [a b c]Tisavector N normal to the plane, and d “locates the
plane” (analogous to y-intercept). If the magnitudeof [a b c]Tis
unity, then d represents the signed distance of the plane from the
coordinate origin.

« 3D Example: v 1 Gie)
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« 3D Example: (cont.)

I|n matrix form: O 1uéau &0y
0 1Y§Y Eou

Ué u=2e"10
1 10écu é0u

Ue.u é,u
0 1fedl edg

B BOP R
o O +» O

Matrix invert, M-1:

B BOP R

© O Fr O

O O O
.
=
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3D Example: (cont.)

U Qe 00 -l
DY Y % 1 0 -1Y%Y
eu=NM -€e u==e ue u
e @0 & 0 1 -11600
Wl EWf oo o 1MEl
Regylt! Normalize H.C.!
& du & 1)
€ yu é 40  Planeequation.
-€é u = é7
& dd & lu
g gv €11
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« 3D Example: (cont.)

Let’s check our result: [p] T[P] =

Pt.r: [L0OO 1][-1-1-11]T=-1+0+0+1=0!
Pt.q: [0101][-1-1-11]T=0-1+0+1=0
Pt.s [0011][-1-1-11]T=0+0-1+1=0!
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» The intersection of aline and a plane

(useful for Appel’ s method; computing the Q.I. For an edge which
IS afront/behind another polygon, for example...)

Parameters:
e Starting point of line: [X Y Z]T
 Linetravelsthrough point: [u v w]"

DEFINE:

* A linerepresentation isasfollows: gxy Xy éuy
(interms of, as of yet unknown 2 3=§\fﬁ+t§VH
scalar parameter “t”) ez eZp  ew
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* The intersection of aline and a plane (cont.)

 Recall: plane equation: ax + by +cz+d=0
o Substitute: a(X +tu) + b(Y +tu) +c(Z +tu) +d=0

* Note: The plane is known (a,b,c); the starting point of thelineis
known (X,Y,Z); the point that the vector travels through is
known (u,v,w); HENCE: solving for “t” defines the intersection
of the plane and the line!

Letslook at an example whose context hits close to home.....given
an eye position, the projection of a 3D pixel in world coordinates
onto a 2D display plane.
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« Example:

Re: Coordinates along
the line of interest:

+

—*

< C
o R el e e
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o Y anj an ey
[
RO X
OO O
F%> MD> D> (D~
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e Example: (cont.)

e Here: eXu eOU e(l O)U ét l;l
U_ eo“+te(1 O)U = ¢¢ U
u éu e U
ez0 €2 @(1 2)@ €2- tf
« Solvefor “t” - resort to our plane eguation: 0L
U
t t (2-1) 1&U=0
glu
f0r

e Here, 2-t=0;t=2

» S0, point where line intersects plane is (by substitution): [2 2 0] T
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e Qutward normal calculations

Recall: to calculate a planar outward normal (often a necessary
piece of information in computer graphics as we' ve seen - visibility
tests, lighting/shading calculations, etc. - use cross products!

Vip=P,-p;=[110]"-[111]"=[00-1]
Vig=Py-P,=[101]"-[111]"=[0-10]
V14 X Vi, =+l (RHR)
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* Next up: Curves and Surfaces

« S0 far, we' ve only considered “non curvy” 2 and 3D shapes
* Most interesting graphics model s/'worlds/etc. involve “curvy” shapes

* Next time, we'll ook into the mathematics of some of the more
popular 2 and 3D curve and surface equations



