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Lecture 1
Basic Continuous-Time
Signals
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ANALOG SIGNALS x(t)

INFINITE LENGTH

SINUSOIDS: (t = time In secs)

PERIODIC SIGNALS
ONE-SIDED, e.g., for t=0

UNIT STEP: u(t)

FINITE LENGTH
SQUARE PULSE

IMPULSE SIGNAL:  o(t)

DISCRETE-TIME: x[n] is list of numbers
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CT Signals: PERIODIC

x(7)=10co0s(2001)

Sinusoidal signal

1ot xit)

Lninnnonongng

INFINITE DURATION Square Wave
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CT Signals: ONE-SIDED

1 =0
u(t)= { Unit step signal

0 t<0 4 ut) (a)

One-Sided
Sinusoid

“Suddenlyv applied”

v(t)=e "u(t)

Exponential

- T et
4

EE 205 5



CT Signals: Rectangular Pulse

Centered rectangular (square) pulse with

time duration 7
pt)=u(t+ ") -ut-5)=11¢})
7 72 T

General rectangular pulse centered at to

() =U(t—t,+ ) —u(t—t,— 5)=T1( )
2 2 T
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CT Signals: FINITE LENGTH

p(t)=u—2)—u(t—4)

1“ p(t) |_ S'r:;um'ﬁ Pulse S.fgfm’f
— t
I{T } (b)
=1
“U U V'Y Uﬂé\\l @ *

X(t) = cos(at +6) [u(t) —u(t - )]

EE 205

' Sinusoid multiplied
by a square pulise




What is an Impulse?

A signal that Is concentrated at one point.

lim o, (1) = o(¥)
A—0

EE 205
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Defining the Impulse

Assume the properties apply to the limit:

lim 0, (1) = o(¥)

A—0
One “INTUITIVE” definition Is:

o(t)=0, t# 0| Concentrated at t=0

j o(7)d7 =1 Unit area

EE 205
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Sampling Property

J ()0, (1) = f(0)0, (1)

0 2

(no(t) = f(0)o(r)

(O
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General Sampling Property

J(Do(t—ty) = f(1y)o(t —1y)

FE)® (tt ) +8 (t,)) = fit, )8 (¢t ) +ft, )8 (tt )

(ftt.)
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Properties of the Impulse

\5(:—:‘[,):0_, t# 1,

Tﬁ(r—rﬂ)drzl

Concentrated at one time

Unit area

f(@®)o(t—ty)= f(t,)o(t —1,)| Sampling Property

| 08 -1)dr = f(1,)

du(t)
dt

= 0(1)

EE 205

Extract one value of f(t)

Derivative of unit step
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Energy Signals

Signal X(t) is an energy signal if

OO
= 2

L= [XS)dt < oo

— Q0
Example: One-sided exponential signal

X(t) =exp(—at) u(t)
E, exp( 2at) dt—eXp( 201) 1o

O EE 205 _ Za |O 2&



Power Signals

Energy of power signals Is infinite
Average power over an interval Is

-
P 1 232t
T T-|-

> 1T,

Periodic signhals are power signals

EE 205
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Lecture 2

Linear Transformation
of Time

EE 205

16



Time Transformation:
1. Shifting (Delay)

ime-shifted transform of signal X(t) by
time constant {, is

y(t) =x(t1,)
Example: One-sided exponential signal
X(t) =exp(—at) u(t)
y(t) =exp[—a (t-1,)] u(t—t)

EE 205 17



Output of Ildeal Delay of 1 sec

—r
Pix(tY=e ult

Vv(t)y=x(t—1)= e_(f_l)u(r— 1)

L opt)=e" 1)




Time Transformation:
2a. Positive Scaling

ime-scaled transform of signal X(t) by
aconstant g>( is

y(t) =x(at)

Example: Rectangular pulse
t
X(t)=11(-)
T

y()=T1(&Y =111 )
= r/a .







Time Transformation:
2b. Negative Scaling

ime-scaled transform of signal X(t) by
aconstant g<( is

y(t) =x(at)

This results in posiitve scaling and
reflection of the signal
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Time Transformation:
3. Shift and Scaling

Ime-scaled then shifted transform of
signal X(t) is

y(t) =x(at -1,

Time-shifted then scaled transform of
signal X(t) is

y(O)=x[a(t-t)]=x(at-at,)

23



A

X(t) | o —
t

T z t
2 A 2
yO=xt@t-t) [T~
Lor G T t
a 2a a a 2a
YO=x[a(t-t)] [T
to—ém;) ty+—— t

2a 2a



Lecture 3
Basic Continuous-Time
Systems

EE 205



SYSTEMS Process Signals

x(t) ) y(t)
—p SYSTEM E—

PROCESSING GOALS:
Change x(t) into y(t)
For example, more BASS
Improve x(t), e.g., image deblurring
Extract Information from x(t)
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System IMPLEMENTATION

ANALOG/ELECTRONIC:

Circuits: resistors, capacitors, op-amps

20, prectroNics —2Y
CROPROCESSOR

DIGITAL/M
Convert x(t) to

xit)

—> A-to-1) > COMPUTER

stored in memory

E—

EE 205

y(t)

D-to-A ——>
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Continuous-Time Systems

ax(t :I {,l'{n" I:I Ctont
> T{-I.' (1) } - )

Examples:
Delay };(r) = x(7 — 'rd)

Modulator V() =[A+ x(f)]cos@, 1
t
Integrator -
J v(t)= [x(7)dr

—

EE 205 28



CT BUILDING BLOCKS

INTEGRATOR (CIRCUITS)
DIFFERENTIATOR

DELAY by t,

MODULATOR (e.g., AM Radio)
MULTIPLIER & ADDER

EE 205
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Ideal Delay:

Mathematical Definition:

v()y=x(t—1,)

To find the IMPULSE RESPONSE, h(1),
let x(t) be an Impulse, so

h(t)=o(t—1;)

EE 205
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Output of Ildeal Delay of 1 sec

—r
Pix(tY=e ult

Vv(t)y=x(t—1)= e_(f_l)u(r— 1)

L opt)=e" 1)




Integrator:

Mathematical Definition:

V(1) = j X(7)dT

Running Integral

To find the IMPULSE RESPONSE, h(t),

let x(f) be an impulse, so

h(t) = j S(T)dT = u(f)

EE 205




[
Integrator: y()y= |x(7)dt

Integrate the impulse

j o(7)d T =u(t)

IF <0, we get zero

IF t>0, we get one
Thus we have h(t) = u(t) for the integrator
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Graphical Representation

ait)

(5‘(;-") _ du(t)

Input ! At

u(t) = j{ o(t)dr = (1}

EE 205

t>0
r<0
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f

Output of Integrator »(7)= fl‘(f)fff

—00
(1) = e i) B . .
‘ x(t) = e % u(t) W = x(1)*u(r)
| L
K Input
{ I !
fxitydt = 1.25 (1 — e %) uz) L
] j:' } = | u(r)dr
0 <0
p
0 1 | | e " u(t)dr 120

| —CD

output )
P =1.25(1— e "*u(t)




Lecture 4
Linear Time-Invariant
Systems

EE 205
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L inear systems

r1(t) Linear y1(t)
System

ro(t) Linear yo(t)
System

arq(t)+bra(t) Linear ayy (t)+by2(t)

— ——

System

for all =¢(t), ==(t), a, and b.



Time-mvariant systems

z(t) |  Time y(t)
— - Invariant -
System
z(t—r)| _ Time y(t —
— nvariant |——
System

for all =(¢) and .

EE 205
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Linear and time-invariant (LTI) systems

e Many man-made and naturally occurring systems can be
modeled as LTI systems.

e Powerful techniques have been developed to analvze and to
characterize LTI systems.

e [ he analysis of LTI systems is an essential precursor to the
analysis of more complex systems.

EE 205 39



Test for Linearity

l d
Xl(t) R System yl(t)
ABC Z(t)
X2 (t)’ System y2 (t)
ABC System ABC
3 b IS linear If
X (1) | z(t)=y(t)
X(t) System y(t)
X, (t) "| ABC '



Test for Time-Invariance

).

X(t)

System
ABC

Delay
by T

y(t) Delay y(t : Z-)

—

by T
System ABC Is
time-invariant if
Z(t)=y(t—7)
X(t _T) | System Z(t)
W(t) ABC

EE 205 41



Problem — Multiplication by a time function
A system is defined by the functional description

x(t) Oy(t} = g(t)z(t)
Tg(t)

e IS this system linear?

e IS this system time-invariant?

EE 205
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Solution — Multiplication by a time function
Let

y1(t) = g(t)x(t) and yo(t) = g(t)zo(t).
By definition the response to
r(t) = ax1(t) 4+ bxa(t),
15
y(t) = g(t)(axy(t) + bxo(t)).

This can be rewritten as

y(t) = ag(t)r1(t) + bg(t)ra(t)
y(t) = ayy(t) + byx(t).

Therefore, the system is linear.

EE 205 43



Solution — Multiplication by a time function, cont'd

Now suppose that =,(t) = =(t) and z-(t) = =(t — 1), and the
response to these two inputs are y1(t) and y2(t), respectively.
Note that

y1(t) = y(t) = g(t)=(t),
and
yo(t) = g(t)x(t —7) =yt — 7).

T herefore, the system is time-varying.

EE 205 44



Problemm — Addition of a constant

Suppose the relation between the output y(t) and input =(t) is
y(t) = z(t)+ K, where K is some constant. Is this system linear?
Solution — Addition of a constant

Note, that if the input is x1(t) + z2(t) then the output will be

y(t) = z1(t)+xa(t) +K # y1(t)+ya(t) = (21 (1) +K)+(z2(t) +K).

Therefore, this system is not linear.

In general, it can be shown that for a linear system if =(t) = 0
then y(t) = 0. Using the definition of linearity, choose a =b=1
and zo, = —=z4(t) then z(t) = =1(t) + z-(t) = 0 and y(t) =
y1(t) 4 u2(t) = 0.

EE 205 45



Problem
T he system

y(t) = 22(t).

s (choose one):

1. Linear and time-invariant;

2. Linear but not time-invariant;

3. Not linear but time-invariant;

4. Not linear and not time-invariant.

EE 205
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Solution
Note that if =5(t) = 22,(t) then y(t) = {2:1(:5})? = 4yq(t).
Hence, this system is nonlinear.
Note that if z1(t) = =(t) and x5(t) = z=(t — 7) then y1(t) = y(t)

and y»(t) = 22(t — 7) = y(t — 7). Hence, this system is time-
invariant.

EE 205 47



r
Integrator: V(1) = |x(7)dt

L Inear
I

[[ax;(7)+ bx,(7)]dT = ay,(t)+ by, (1)

—iE

And Time-Invariant

w(t)= [ x(t—t)dr  let o=1-1,

—=In

= w(n= | x(0)do=3(t-1,)

—oo 48



Modulator: V(7)=[4+ x(7)|cos @ 1

Not linear--obvious because

| A+ ax;(1)+ bx, ()] #
| A+ax,(1)]+[ A+ bx,(1)]

Not time-invariant

w(t)=[A+x(r—1,)]|cosw.t # y(t —1,)

EE 205 49



Ideal Delay: V() =x(7—1;)

L Inear

ax,(f—1;)+bx,(t —1t;) = ay,(t)+ by, (1)

and Time-Invariant
w(r) = x((t—17) = 1o)

V(E—ty) =x((t—1))—1;)

EE 205 50



Lecture 5

Convolution Integral for
Linear Time-Invariant

Systems

EE 205
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Linear and Time-Invariant
(LTI) Systems

If a continuous-time system is both linear and
time-invariant, then the output y(f) is related to

the input x(t) by a convolution inteqgral

0

()= [x(D)h(t—7)d7 = x(t)* h(t)

where h(f) is the impulse response of the system.

EE 205 52



Convolution of Impulses, etc.

Convolution of two impulses
o(t—t)*0(t—t,)= o(t—t,—1t,)

Convolution of step and shifted impulse
u(t)yxo(t—ty)= u(t—t,)

EE 205 53



Evaluating a Convolution

x(B) =u(t—1)| 4x) Mx(ﬂ
11 ]
i

0 1 t 0 t
(a) (b)

(1) = Th(r)x(r —T)d T = h(r)* x(1)

EE 205 54



“Flipping and Shifting”

x(7) (@) ——
0 1 T
Hipping” g(7)= x(—-7) =u(-7-1)
-1 0 T

“flipping and shifting” Lg(’r —t)=x(—(7—-1)=x(t—17)

(c)

t—1| |t t




Evaluating the Integral

hit), x(t — 1)

(a)
x(t = 1),—q X - T}|.-=:-.5
E,-'[ u[t_'[aﬁ
10 (t=1) g
0  t-1<0
f—1
v(t) =+

J‘e“"’dz‘ f—1>0

L 0

L VY \36



Solution

1
: — —Fd — —T
(1) ! e dTt e |
= 1-¢" t>1
AV (@)

(b)




General Convolution Example

h(t)=e"u(t), b#a

YO = [x(@h(t-7)dz =x(t) *h(?)

— o

{
e_mj‘ e T Tdr t>0

e}

= j‘e_ﬂfn(r)e_b“_ﬂu(r —7)d7T =4

0 <0




Special Case: u(t)

x()=e “u(t). a#0 h(t) =u(r)

V(1) = [x(2)h(t=7)dT = x(1) * h(7)

— i

. i(l—e-m‘)um

if a=2

V(1) = %(1 e ()

59



Convolve Unit Steps

x(t)=u(t) h(t) = u(t)

L

W(1) = [x(@)h(t—7)dT = x(1) * ()

=T

jldf t>0
0

= TH(’E’)H(I —7)dT =1

h 0 f<0
(t >0

= tu(r) Unit Ramp

EO <0

60



Convolution is Commmutative

h(t)+=x(t) = Th(r)x(r —7)dT
_G‘iet(}':r—randd(}':—dr
W) x() = — jh(r —0)x(0)do

.H‘Hr.-

= Th(r —O)x(0)do =\x(t)* h(t

EE 205 61



Cascade of LTI Systems

x(t) i LI w1t E y(t)
- mvstem 71 - : -
50 | mo [l Ty () 7y ()
h(t) = hy(2)* hy (1) = hy () * 1y (2)
o(t) | LTI w(t) LTI E )
= E o SVstem #2 v o System #1 E 'ﬂ“
o 1| =0 |R@) mo | (@ k(@)

EE 205 62



Stability

A system Is stable If every bounded input
produces a bounded output.

A continuous-time LT/ system Is stable If
and only If

EE 205 63



Causal Systems

A system Is causal if and only if y(t,)
depends only on x(7) for 7<t, .

An LTI system Is causal if and only If

h()=0 for 1< 0

EE 205
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Convolution is Linear

Substitute x(t)=ax,(t)+bx,(t)

v(t) = T[nxl (7)+bx, (7)|h(t —7)d7

— i3

L L

=a | x(D)h(t—7)dT+b [ x,(D)h(1 - 7)d 7

— i

= ay,(t)+ by, (1)
Therefore. convolution is linear.

EE 205
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Convolution is Time-Invariant

Substitute x(t-t,)

w(t)= | W(D)x((t— 1) —t,)dT

—

L

= | n(r)x((t ~t,) - 7)d T

—iZxd

— J’1(’f o 'fc:r )

EE 205 66



Lecture 6
Sinusoidal Signals

EE 205



SINES and COSINES

Always use the COSINE FORM

Acos(27(440)t + @)

Sine Is a special case:

sin(@t) = cos(wt — )

EE 205 68



SINUSOIDAL SIGNAL

Acos(wt+ @)
FREQUENCY ()] AMPL.TUDE

Hertz (cycles/sec) Magnitude

w=02n)f

PERIOD (in sec) PHASE

|
7--_="

VO,



EXAMPLE of SINUSOID

Given the Formula

dcos(0.37r+1.27m)
Make a plot

Sinusoidal Waveform

Tl;l"l e (secs)

EE 205 70



PLOT COSINE SIGNAL

Scos(03xt+1.27)

Formula defines A, m, and ¢

EE 205
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PLOTTING COSINE SIGNAL
from the FORMULA

Scos(0.3xt+1.27)

Determine

I'=2n/w=2x/031xr=20/3

Determine a location by solving

(wt+@p)=0 = (037xr+1.27)=0

crossing Is T/4 before or after

Positive & Negative peaks spaced by T/2



PLOT the SINUSOID

o N &
. E—

L B

Scos(03z71r+1.27)

Use T=20/3 and the peak location at t=-4

Sinusoidal Waveform

Time (secs)

EE 205
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TIME-SHIFT

In a mathematical formula we can replace
t with t-1

x(t—1t

m

)= Acos(aw(r — ZLH’I))

Then the t=0 point moves to t=t_

Peak value of cos(m(t-t_)) Is now at t=t

EE 205 74



TIME-SHIFTED SINUSOID

x(t+4)=5cos(0.37(r+4)) =5c0s(0.37(t—(—4))

Sinusoidal Waveform

-2-
Time (secs)

EE 205

75



PHASE <--> TIME-SHIFT

Equate the formulas:

Acos(a(t —1,)) = Acos(wt + @)

and we obtain: —-wt, =@

EE 205 76



SINUSOID from a PLOT

Vieasure the period, T

Between peaks or zero crossings

3 steps

Compute frequency: » = 2n/T

Vleasure time of a peak: t_

Compute phasemﬁih: -0t

Vieasure height of positive peak: A

EE 205
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(A, o, ¢) from a PLOT

5

T = 0.01lsec — _1
1 period 100

t, =—0.00125sec|==p | =—-wt =—(2007)(t,)=0.257

EE 205 /8




COMPLEX NUMBERS

To solve: z2 = -1

Z=]

Math and Physics use z =i
Complex number:z=x+jy

Vr Z
/ Cartesian
| coordinate

X system

EE 205
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PLOT COMPLEX NUMBERS

=

y

+j5

o maginary Axis

Real Axis

—lm U U\)



COMPLEX ADDITION =

VECTOR Addition
}?
A _ . e
27240 /S DISPLACED ™\

L

", ::rf?f S\L"'EHSJON of 7 /

™ 7,=0+)2

Imaginary Axis

-1::1_{_:2

-. J

Heal Axis =X

z,=4-j3

=(4-j3)+(2+5)

=(4+2)+ j(=3+)5)
=6+ j2



*+** POLAR FORM ***

Vector Form
Length =1
Angle =6

Cmmmmn Values

j has angle of 0.5
—1 has angle of
—J has angle of 1.5n

also, angle of - could be -0.5t= 1.5 —2n
because the PHASE is AMBIGUOUS

EE 205
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POLAR <--> RECTANGULAR

Relate (x,y) to (r,06)

X =rcosé@
Most calculators do
Polar-Rectangular

Need a notation for POLAR FORM

EE 205

y=rsiné
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Euler’s FORMULA

Complex Exponential b
Real part is cosine / ; sin6
Imaginary part is sine \ '3'3'59/;"
Magnitude is one \‘a_

e’ = cos(8) + jsin(6)

re’? = rcos(@) + jrsin(6)

EE 205 84



COMPLEX EXPONENTIAL

Interpret this as a Rotating Vector

0=t T
Angle changes vs. time f/  sine
ex: w=20r rad/s \ cosf
Rotates 0.2n in 0.01 secs \\h_ _f.,/

/¥ = cos(€)+ jsin(8

EE 205 85



cos = REAL PART

Real Part of Euler’s -
cos(wt) = Nefe’ "}

General Sinusoid

x(1) = Acos(wt + @)

>0 Acos(wt+ @) = ‘iﬁe{AeﬂwH'p)}
= Ref{de!Pe/ N

EE 205 86



REAL PART EXAMPLE

Acos(wt + @) = %Q{Aewejm}
Evaluate: o
valuate x(f) _ 9{6’{— 3]'8“}{{”}
Answer:
x(7) = %e{(—Bj)eejm}
— %e{Be_jO'Sﬁejmr}: 3cos(wt —0.57)

EE 205 87



COMPLEX AMPLITUDE

General Sinusoid

1(1) = Acos(wi + @) = Re{de’"e’™ |

z(1) = Xe'™ X = A&7
Then, any Sinusoid = REAL PART of Xel®
x(1) = RepXe™ [=Repde’ e’ |

EE 205 88




AVOID Trigonometry

Algebra, even complex, is EASIER I
Can you recall cos(6,+6,) ?

Use: real part of ei(9119) = cos(6,+6,)
ef(gﬁgz} — €fg1

~

L
= (cos @ + jsin @ )(cosb, + jsin b))

=\(cos @, cosf, —sin g smb,)+ j(...)

EE 205 89



Euler’'s FORMULA

Real part is cosine
Imaginary part is sine
Magnitude is one

it
ei

EE 205

T

e’’ = cos(8) + jsin(O)

= cos(wrt)+ jsim(wt)
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Real & Imaginary Part Plots

Real Part of Complex Exponential Signal
T )

=10

=20

1 1 | 1
-0.03 0.02 -0.m 0 om 0.02 0.03 0.04

PHASE DIFFERENCE = Tt/ 2

Imaginary Part ot Eunflex Exponential Signal

Eﬂ = T T

10

=10

=20

1 1 1 1 1
-0.03 0.02 -0.m o om 0.02 0.03 0.04



COMPLEX EXPONENTIAL

Interpret this as a Rotating Vector

0=t -
Angle changes vs. time ,/

ex: o=20n rad/s \
Rotates 0.2x in 0.01 secs \\

e’’ = cos(0) + jsin(6)

EE 205
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Cos = REAL PART

Real Part of Euler’s
cos(mr) = %e{eiﬂf}
General Sinusoid
x(1)= Acos(wt + @)
So,

A cos(wt + @) = %e{Ae‘j(mH@}

— %eﬁe}j@emr}

EE 205 93



COMPLEX AMPLITUDE

General Sinusoid

EE 205 94



WANT to ADD SINUSOIDS

ALL SINUSOIDS have SAME FREQUENCY
HOW to GET {Amp,FPhase} of RESULT 7
x1 (1) = 1.7cos(2m(10)r + 707/180)

x2(f) = 1.9c0os(2m(10)r 4+ 2007/180)

x3(1) = x1(1) + x2(1) '\'
= 1.532cos(2n(10)t 4+ 141.797r/180)

L] L}

EE 205 95




ADD SINUSOIDS

Sum Sinusoid has SAME Frequency

Two Cosine Waves and Their Sum

4 a 1"-.. ; ":. i "",. :'|1 r"'. Ea ™, :
o --‘i u - a % &
] .|' ._, .'F. “'- h ."'=-'|- .ra. 5
L' 2 % H Pl i : £t % :
3 . z L} % ; oL " i
2 ol L §f ok y E .
= - L L Pk : § % T F
2 : v fooot 1 f 3 P
[] Y B L] - L - F
. L i f 1 v ; 3 L ! F
<2 1 W ' 3 ¥ ] : : i
b = 1“. [ - Fa L
. ¥ ; : H . % ¥ F
1"! :ﬂ‘r ] t'_ f “ ,fb -'. :— "'.i -
- = ,.: S ‘-. s W* % -": l-"I|

&
-
- L
% 5
% *
- H
k.
-
- o
-
L]
y L
- L
- L
Log
L
m
-1
.‘a. .ﬂlll
- u * r
L L .
% ' "
-

. T N

-10
time {in msec)

EE 205
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PHASOR ADDITION RULE

N
x(1) = Z Ay cos(wot + @)
k=1

— A cos(wgt + @)
Get the new complex ‘ehpﬁﬁsude by cnm;}wex addition

N
Z Arel? ="Ael?
k=1

'/




Phasor Addition Proof

e
—
m
R
-
S
™
s,
-
o
=
_|_
=
=
R
e —

N
Y " Agcos(wot + ¢y )
k=1

N
Ne { (Z A;if?-""b"*) Eﬁ*’“’}
4

Ne [(Af:-"'"ﬁ] fﬁ‘"’”r} = Acos(wyl + ¢)

EE 205 98



Phasor Add: Numerical

Convert Polar to Cartesian

X, = 0.5814 + 1597 — 1q e
X, = -1.785 - |0.6498
sSum = /N\

X, = -1.204 + |0.9476

Convert back to Polar

X, = 1.532 at angle 141. ?931!18[{/ |
This is the sum

EE 205 99



ADD SINUSOIDS

x1(t) = 1.7cos(2x(10)tr + 707/180)
x2(t) = 1.9cos(2mx(10)r + 200/180)

x3(1) = x1(£) + x2(8)
= 1.532cos(2m(10)t + 141.797/180)

, Phasor Vectors x]_ Phasor Addiion
VECTOR |
(PHASOR) | °*
ADD 0

0.5 0.5

'1-2_ xi 1 o 1 1 1 0




Euler’s Formula Reversed

Solve for (or sine)
e/’ = cos(wt) + jsin(wt)

—j@

e /P = cos(—wit) + jsm(—wr)

e /" = cos(wt)— jsin(wr)

t — jt
e/ + e/

= 2 cos(wr)

EE 205 101



INVERSE Euler’s Formula

Solve for (or sine)

cos(wt) =L (/" + 77

EE 205 102



SPECTRUM Interpretation

Cosine = sum of 2 complex exponentials:

Acos(7t)=del/l 4 4777

*/

One has a positive frequency
The other has negative freq.
Amplitude of each is half as big

EE 205 103



SPECTRUM of SINE

Sine = sum Df 2 complex exponentials:

Tt A =t
Asin(7t) = 2 ¢/ e
(/1) = ; 2

:%Ae—jﬂ.:ﬂej?f _l_%AejO.hﬁe—j?f

—71 = j= E;U.Sﬂ'

Positive freq. has phase = -0.5n
Negative freq. has phase = +0.5n

EE 205 104



GRAPHICAL SPECTRUM

EXAMPLE of SINE

Asin(71) = %Ae_jﬂ

- —

5 7 05T —i7
._fHEj,i"_{_%fIEjﬂ._.HE jit

1 057
(3 A)EBJ

—

(% A)E—j{].wr

-7

0

I m

AMPLITUDE, PHASE & FREQUENCY are shown

EE 205 105



SPECTRUM ---> SINUSOID

Add the spectrum components:

—-250 -100 0 100 250

f(in Hz)

What is the formula for the signal x(t)?

EE 205 106



Gather (A,0,0) information

Frequencies: Amplitude & Phase
-250 Hz 4 -1t/ 2
-100 Hz 7 +1/3
0 Hz 10 0 ::l
100 Hz 7 -1t/ 3
250 Rz 4 +1/2

Note the conjugate phase

DC is another name for zero-freq component
DC component always has ¢=0 or = (for real x(t) )

EE 205 107



Add Spectrum Components-1

Frequencies: Amplitude & Phase
-250 Hz 4 /2
-100 Hz 7 /3
0 Hz 10 0
100 Hz T i3

4 +m/2

250 Hz
x(1) =
7 o= /3,j2m(100)t | 7 ,j7/3 = j27(100)1

4€;fr.2€j T( w{}}r_l_ﬂre JT o J2m(250)¢
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Add Spectrum Components-2

-250 -100 0 {fﬁﬂﬂﬂ 250
x(t)=10+ f”

@3€fﬁﬂ(lﬂﬂ}r )77/ 3 =72 (100)

Nl 2 o027 (250)1 4 g =i 2 = j27(250)1

EE 205 109




Simplify Components

x(1) =10+

7073 5727 (100)1 ,Jin!3 = j27(100):

+ 7e
4€ﬁrf 2€j2fr(250)r ) E—ﬁr.--' 2 o 727(250)1

Use Euler’s Formula to get sinusoids:

Acos(wt+ @)=L 4’/ +1 4e7 77"

EE 205 110



FINAL ANSWER

S0, we get the general form:

N
x(1) = Ay + ) Ap cosQrfit + ¢y
k=1

i

EE 205 111




Summary: GENERAL FORM

N
xX(1) = 4o+ > Ap cos(27 frt + o)

k=1
N | 1
x(t) =X, + Z‘ﬁie{‘}(ﬁf 27T _
] — J Py
k=1 Xk = x4k€
Re{z) = % Frequency = f;

:-:(.f) — 4}({} + Zf%}(ﬂﬁjzrﬁ__r +%Jfgg—j2;rﬂr}

EE 205 112



SPECTRUM DIAGRAM

Recall Complex Amplitude vs. Freq

EE 205 113



Lecture 7/

Periodic Signals and
Fourier Series

EE 205 114



PERIODIC SIGNALS

Repeat every T secs

Definition
xX(t)y=x(t+1)
Example: T —
(1) = cos”(31) T
x(1) =cos”(: T:ZT”T:%

EE 205 115



Period of Complex Exponential

x(1) = !
l'(f 4 T) _ l'(f) 9 Definition: Period is T

oA~

e/l = = T =27k
2k [2;7
w="""

)k &)ﬂk K = integer
A A

EE 205 116



Harmonic Signal Spectrum

N
xX(1) = Ay + Y A, cosLrakft + @) 1
=

Xf{' — 44{_€j';3}'{'-
N
) 27k % — 27k
x(1) =X, + ) G Xe fof L X tem /2
k=1

EE 205 117



Define FUNDAMENTAL FREQ

N
x(1) = Ay + > A cosQQAkf ) + ;)
=1

fe=kfo (@, =27f)) |

f, = fundamental Frequency (largest)

1, = tundamental Period (shortest)

EE 205 118



Harmonic Signal (3 Freqs)

|
3rd
| 1 5th
| — — % |
5] 3 d 3]

-
-5l —3() — 110 ] 11 A0 a() J i Hz)

What is the fundamental frequency? 10 Hz

EE 205 119



Harmonic Signal (3 Freqs)

I

sum of Cosine Waves with Harmonic Frequencies

T=0.1

0 0.2 0.4 0.6 0.8 | 1.2 1.4 1.6

Time 1 (sec)

EE 205
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SPECTRUM DIAGRAM

Recall Complex Amplitude vs. Freq

IXJ; C - 10 s le=ﬂk
| & e —

EE 205 121



Harmonic Signal

EE 205 122



Fourier Series Synthesis

EE 205 123



Harmonic Signal (3 Freqs)

1 | 4 ()
dy
- A -
5 | | | 1 .

=5l =30 =10 10 30 50 f i Hz)
Sum of Cosine Waves with Harmonic Frequencies

T=0.1 —

AUV
ANAAANANANARNARANRARNMN

AUYUVIIVAUUVUUY
,'L'LT'* T’T."].lﬁ_” "T.'L.f”__” ”J'_‘ P.”_ﬂjﬂﬁj

A b Wl W W W W W W W
0 0.2 0.4 0.6 0.8 I 1.2 1.4 .6 1.5 2

Time 1 (sec)



STRATEGY: x(t) > a,

ANALYSIS
Get representation from the signal
Works for Signals

Fourier Series
Answer is: an INTEGRAL over one period

Ty
_ 1 —Jjykt
ak—f}L x(t)e "7 dt

EE 205 125



INTEGRAL Property of exp(j)

INTEGRATE over ONE PERIOD

I, I,
jg—j(lﬁ'l"_.-'ﬁjmrdr _ T[] E—j[j;r__:'lrajr}!i’
° — j27m .

_ TI::I (E—jﬁmn . 1)

— j27m

L (2T 2:",-[
jg—j(_fr.- E__IIHI(_;I — 0 a){] —
0 m % (0 1,

EE 205 126



ORTHOGONALITY of exp())

PRODUCT of exp(+) ) and exp(-] )

1 o 0 k#/(
_J‘Eﬂfr-'fn}fr ,~JQEIT)kt g0 _
Lo 5 1 k=1

T,
ij‘ej{brfﬁ])({—k}rdf
1y 5

EE 205 127



Isolate One FS Coefficient

[l k!
I{ Z jQriTo)kt | ~j(2riTo)et g,
l
L

Iy
T, J | i€
0 f=—cs J
I T, \
1 —j(2mi ) et 7, 1| (2w Tkt _—j(2m/ Ty) it
7 J.T(I)E dt = Zn;{ = Je, e er @
() .lif':—-:-:- 0 .
) ““ Integral is zero
(1]
— 1 —J(2mi Ty )kt —
= a; =4 J x(f)e 0E ¢ except fork =/
0

EE 205 128



SQUARE WAVE EXAMPLE

1 0<r<iT;
xX(7) =+

ﬁ %%iri%
for 7, =0.04 sec.

x(t)
j Ii—l h

—.02 0 .01 .02 0.04 t

EE 205 129



FS for a SQUARE WAVE {a,}

1

1 _ :
a, =— | x()e /Mg (k£ 0)
To 1

1 e 02
— (27 04kt 1 —j(2m/ 04)kt
a le™ dt = . _e

| | E
(—j2rk) 21k

EE 205 130



DC Coefficient: a,

T,
1 ¢ TR

a, = —JA?(I’)E TR LK g (k=0)
Lo %

| 1
ay =— [ﬂ'(?)ﬁf?‘ = —(Area)
1; 5 1,
1 1 1
a,=— | 1dt =—(.02-0) =+
04 7 04 -

EE 205 131



Fourier Coefficients a,

a, 1s a function of k
Complex Amplitude for k-th Harmonic

This one doesn't depend on the period, T,
(1 |
- ,EL :I'La — ilﬁ‘%
| TK
[—(—T)f J
a, = _( ) . 0 k=244
j2rk
5 k=0

EE 205 132



Spectrum from Fourier Series

=) k=+143
Wy =27 /(0.04) =2m(25) Tk
a, =+ 0 k=412 14,
1 _
1 L k=0
1
.
i =
' g
. —J .
| ] T —{

J 7 g — 3w e — s A
o = N 3 Rb in Om
U’Tl jlr‘TTI ﬁﬂ| ‘ ‘ | | |

-175 ~75 =25 0 25 i) 125 175 225

EE 205 133



Fourier Series Integral

HOW do you determine a, from x(t) ?

Ij
— 1 . —J 27/ T )kt
ar =4 [x(e dt
0 Fundamental Frequency f, =1/7]

i

a_, =a, whenx(7)1sreal

T,
= Tl j x(1)dt (DC component)
0

EE 205 134



Harmonic Signal
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Example

x(1) = sin” (371)

i

At sinEr
|

;P




Example |¥(7)= sin’ (3771)

T{?‘) ( J ;9?r+(_3f)€j3w (qJJ —J'Jm_l_(__fJE—ij
8 8 8 8

In this case, analysis

just requires picking N ' I kK
off the coefficients. - &
: ™
K & o
9 © o o
b ™ ™ 2
§ = F ¢
Ny k=-1 =1 =
i~'= k=-3 ii‘Jr k=3
= >
-4.5 -1.5 0 1.5 4.5 f

Frequency in Hz
EE 205 1.



STRATEGY: x(t) > a,

ANALYSIS
Get representation from the signal
Works for Signals

Fourier Series
Answer is: an INTEGRAL over one period

Iy
_ 1 —Jjokt
a, —TGL x(t)e "7 dt

EE 205 138



FS: Rectified Sine Wave {a )

Iy |
“a = L jx(r)e‘fﬂf*’ EGE (k= +1)
Ty

Half-Wave Rectified Sine

Ty/2 ,
— 1 [ cinf2x ¢ o—JQriTy)kt
a, =7 |sin(F e dt n {0\ o \

0
/2 2! T —j(2miTy)t
_1 _' € —€ oI CTITk 3
I ~ ;
0 a 2]
JT:] /2 I 0 2
_ e [ O Ibge _u[ gmICrTReD gy
.-'—F-l:' .-'L'?_l:'
0 0

T/

g JEE T )k-L)t fol2 o~/ 2/ Ty ) (k1)1 Iy/2

T L~ QalT)E-D) 2T (~j QA IT)(E+D))

EE ZUo 13Y



FS: Rectified Sine Wave {a/}

B o~ I Ty )(k-D)s fo/2 QT T (k)1 T/2
U T P, CialTyG) 2T (i (2 T)(k+1)
0 0
1 (. iealin)G-DT2 ']_ 1 ( — 2T (k+1)T, /2 _.)
 4r(k-1) (EJ L a7z (k1) \E l
1 (w1 ) ! ( —jak+1) )
-~ 4a(k-1) (EJ —1)= (k1) € —1
0 kodd

E ) V.| E U B S

1

2D k even




SQUARE WAVE EXAMPLE

1
xX(r) =+

L

1
O0=<1<351,

ST, <1< T

for T —0 04 sec.

, I{r”



Fourier Coefficients a,

a, 1s a function of k
Complex Amplitude for k-th Harmonic
This one doesn't depend on the period, T,

'l,& k=x113....
1k J7TK
::.:.',IE:l - =1 0 k=244 ..
j2mk
1 c=0

EE 205 142



Spectrum from Fourier Series

— J-Ir ;‘
—— Kk =%1+3.
@y =2m/(0.04) =27(25) Tl
a, =4 0 k=£2+4
ol k=0
A 2
1
2
/ =
i i d
j ! j |
; B P _JI _Jr
J J J 3m —/
— — — 3 S
9, 77, SHI E‘ ‘ | l?rf I‘;Lfr
=175 =73 =25 0 25 73 125 175 225

EE 205 143



Fourier Series Synthesis

HOW do you APPROXIMATE x(t) ?

1,
1 i —j(2x/1,)kt
a, —?ﬂja(r)e dt
0

Use FINITE number of coefficients

H

a_, =a, when x(7)1sreal

EE 205 144



Fourier Series Synthesis

A
g
(| u)
a
a-9 a5 s I - 4% ar ay ay an
1 L 1 1 l I l ! 1 1 i L -
~13fs -7 =30 O fa 3fo Sfo Tfa 9o 13fo J(H2)
Spectrum Plot
Ty = Period N = Number of Coellicients
L e, A Ju) versus J l
A
Fourier Analysis ) Fourier Synthesis
’ - v . (l‘,i N
x(7) Extract Sinusoids > Approximate the Signal AniT)
’ [k fo) i :
| p Yk ot J
ar = 5 | X\ g J Y o l v 5 (e
& f[) = TO Hz y S
Ao A\'N(H
l —, 1T .
- T 0 sTh To oy ‘rU 51y 2T
EE 205

145



Synthesis: 1st & 3rd Harmonics

1 2 . 2 -
y(t)=—+—cos(2x(25)t— %)+ ——cos(2x(75)t - %)
2 37 S
z -
i
j - j
A - —J — ]
J J / — K ary —J
. 3T ST T O
911 ?‘TI hl ‘ ‘ | | 1
-175 75 =250 25 75 125 175 225

1 1 |
.04 0. %5 0,08

1
- _M '-n.m

0.0z
fiime in sec



Synthems. up to 7th Harmomc

y(t) = E + —{:Gs(‘i Omt— %)+ —sin(15071) + 5111(2 507t) + 5111( 350t)

T 3T ST T




— |xn () =

Fourier Synthesis

1 2 . 2 .
+ —sim(wyt) + —sm(3oyf) +...—
2 3T

S oof [T, 1st and 3rd Harmonics

| | | |
0 .02 0.0 .06 0.0& 0.1 01z

Sum of DC and L5t throaegh 1 ¥th Harmonscs
I | I




Gibbs’ Phenomenon

Convergence at DISCONTINUITY of x(t)

There is always an overshoot
7 for the Square Wave case

Sum of 1st through 1'7th Harmonics

Amplitude

0 0.02 0.04 0.06 0.08
Time ¢ (sec)
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Lecture 8

Output of LTI Systems
for Sinusoidal Inputs



LTI Systems

(1) [T y(t) = h(t) * z(t)
System -

a(t) h(t)

Ael?Pele!

Convolution defines an LTI system

Response to a complex exponential gives
frequency response H(jw)

EE 205 151



Thought Process #1

SUPERPOSITION (Linearity)

Make x(t) a weighted sum of signals

Then y(t) is also a sum—different weights
DIFFERENT OUTPUT SIGNALS usually

Use SINUSOIDS

“SINUSOID IN GIVES SINUSOID QUT”
Make x(t) a weighted sum of sinusoids

Then y(t) is also a sum of sinusoids
Different Magnitudes and Phase

LT SYSTEMS: Sinusoidal Response

EE 205 152



Thought Process #2

SUPERPOSITION (Linearity)

Viake x(t) a weighted sum of signals

Use SINUSOIDS

Anv x(t) = weighted sum of sinusoids
HOW? Use FOURIER ANALYSIS INTEGRAL
To find the weights from x(t)

LTI SYSTEMS:

Frequency Response changes each sinusoidal
component

EE 205

153



Complex Exponential Input

x(1) = A’/ 1 y(0) = H(jw)de’ e’

v(1) = [h(z) 4"’ dr

— i

{ oo \

“I(I‘){?_erdr

AE’ t,’.!’-’ jt’{.}i’“

V()=

Frequency

H(jo)= [h(7)e””"d7| Response



When does H(jw) Exist?

Whenis |H(j®)| < oo

G )= | h(r)e'””dv‘ﬂi JIn@le ™ laz

Thus the frequency response exists if the LTI
system is a stable system.

EE 205 155



e I ':'
€

E—aTE—jmr l




Magnitude and Phase Plots

1

H(jw)=




Freq Response of Integrator?

Impulse Response
h(t) = u(t)
NOT a Stable System
Frequency response H(jw) does NOT exist

h(t)=e “u(t) = H(jw)=

Need another term

“Leaky” Integrator (a 1s small)
Cannot build a perfect Integral a—0

EE 205 158



Ideal Delay: Y()=x((—1g)

H(jw)= | 8(z—1,)e”"dr =™

H(jw)=e /"4

x(t)=e’" >

y(f) _ ejm(r—rd} _ (e—jmfd ejmr

Hw




Ideal Lowpass Filter w/ Delay

feo 'cutoff freq."

Magnitude /

Linear Phase

EE 205 160



Example: Ildeal Low Pass

J.,(F) — IOE‘FE;EE““jI TN 1 (T) H(jl __})IUEJH '3 __,i'] 3t

.}*’(f)=(€ a )l{}e” 3/ = 107313 03)

EE 205 161



Cosine Input

A A iy iw
x(t)= Acos(@w,t + @) :EE (P +E€ 79 oI
) : A g,i;.faejmﬂf : A —j@ —jayt
W) = H(Jf’ﬂﬂ); + H(—Jfﬂu)ze e

Simce H(—jw,) =H(jmﬂ)




Review Fourier Series

ANALYSIS

Get representation from the signal
Works for PERIODIC Signals

Fourier Series
INTEGRAL over one period

1 1o

1 o
Gk :—Ix(f)e jmﬂndf

A A

EE 205 163



General Periodic Signals

x(t)=x(t+ 1)

1

T 2r

2T,

ST i

0 l-".l-"n:"

T .fb

fk=—co

x(t) = Z ﬂké‘jm”h

2T,

‘) Fourier Synthesis

S
a, =— | x(t)e """ dt
k d()

Fundamental Freq.
w,=2x/1,=271,

w Fourier Analysis

EE 205

RO L



Square Wave Signal

x(f)=x(t+1p)

T —Ty o [~ [T 27,
| B2 B
—jwy k —jw,h
a, == | (D™ dt +=— | (~De”""dt
TE] 0 Tﬂ To/2
e—jf.:hh Iy/2 E—jmgﬁﬁ Ty 1 — e_j';;;;
d, = _ — — — .
—j, k1|, —J W k1 - J 7tk

EE 205 165



Spectrum from Fourier Series

| — e /7 2 k=+1.£3

ap = —— =3jnk
JTE 100 k=042.44.

Mag nitucﬂe L’-:-pectr'urn for Squ are Wave
wp =2 }'Z'(Z 5)

=
L]
|

=
B
|

Amplitude

=
%]
T

Freq uen-::.y in‘]

=

-4

EE 205 166



LTI Systems with Periodic
Inputs

x(t] LTT y(t) = hit) +x()
System
jwekt | h(t), H(jw) : jw kt
a.e H(jwk)ae
B};" sU pEFpDSitiDﬂ Qutput has same frequencies

)

_}’(f) _ Z ﬂkH(ja}Gk)ejmﬂkr — Z bkeﬁﬂﬂkr
f= —co

;{'=—-:h-=:-

b, = a,H(jwk)



Ideal Lowpass Filter (100 Hz)

Magnitude Spectrum for Square W
| | |

06
Epnat
E
<L
02
D 1 I I 1 I I 1 I 1 1 1 1
-400 -3 =200 -104) 0 100 200 A00 400
Frequancy {Hz)
4 . 4 .
V(1) =—smn(50/m) + —sin(1507)
1.5 i 3T
1
05
oL
-5
1 o, ,
W NS NS
o5 i hE 3 S T G0E 0.0s




Ideal Lowpass Filter (200 Hz)

Magnitude Spectrum for Square W
| | |

DB
€
=04r
£
o

D21 | ‘

D 1 I I 1 I I 1 1 1 I 1 1
-400 -300 -200 -100 0 100 200 300 400

Frequancy {Hz)

4 4 . 4 4 .
() =—sml 50 )+ —smn(1 50V +—sin( 25047+ — s 35077
y(1) = —sin(507) + —sm(1507) + —sin(2507m) + —sin(35077)

_ ] ] ] ] ]
1—'E.D-l1 -0az ] 0.0z 0.0 0.0& 0.08
S1ima iFaag



Ideal Bandpass Filter

Magnitude Spactrum fo

0er 0 elsewhere
[nk]
Sa4t Passband b assband |
2
<
0.2 A

=400 =300 =200 =100 0 100 200 300 400
Frequency (HZz)

What is the ouput signal ?
4
2r(175)1 —j2x(175)
wt) =77 e —;rEGS(M(”")f )

EE 205 170






Lecture 9

Continuous-Time Signals
and Fourier Transform

EE 205 172



Everything = Sum of Sinusoids

One Square Pulse = Sum of Sinusoids
22222227777

Finite Length _I_L

Not Periodic

Limit of Square Wave as Period =2 Infinity
Intuitive Argument

EE 205 173



Fourier Series: Periodic x(t)

x(t)=x(t+ 1)

;'I-.?-

2r

ﬂ —Tp/ 2

EE 20

S R RS R

X (1) = Z a gj-‘l?ukf 4 Fourier Synthesis

; P k Fundamental Freq.
T2 {UO = 2.?3- TO 279(‘0

1 _ japkt
a, == I x(1)e '™ d""ﬂ Fourier Analysis




Square Wave Signal

x(f) = x(t+ 1) - 27
2Ty Flg ~ "0 © 7 [ 2T,
1 T,/4
g = — j(l) IOk gy
L ~T,/4
— jankt Iy/4 —imle/? gl [ D . .
e e 7™ —e™ < sm(xk/2)
a., = S ————— | ———————
C o —jwkT |, — 27k ik
— I:I

CC £UO 1710



Spectrum from Fourier Series

Csin(rk/2) |F0 F=0ELE.

;. 3

7Tk 0 k=12.44...
Fourier Series Coeffs for Square Wave

0.6 Y T T T T T T T T

0.4

DFE‘ | |

okr . P 1 . . . A . A
I I

-8 -6 -4 -2 0 2 4 6 8
FS Coeff Index (k)

CC £UO L7/



What if x(t) is not periodic?

Sum of Sinusoids?
Non-harmonically related sinusoids

Would not be periodic, but would probably be
non-zero for all .

Fourier transform

gives a “sum” (actually an integral) that
involves ALL frequencies

can represent signals that are identically zero
for negative t. I

EE 205 177



Limiting Behavior of FS

l.‘l.'jlhl:f]l T[J — ET {-;'.l..'
1 _
T,=2T
2T, To _L0L . T Myt
i 'l'f”l:” TU — AT ()
T,=4T 1
Ty ko L0L h Ty
‘I'fil':.-r] TD — ET {_‘:}
1
T,=8T
1 I 07 T 1
2 ., 2 2

178



Limiting Behavior of Spectrum

ai Ty (a)

Tn = 2T

T,=2T

l—im{n () Ea;[] I 0,

ay Ty

T,~4T




FS In the LIMIT (long period)

X (1) =5 i (T,a, )e! ™" (EH)H x(1) =5+ Jl{;m)ﬁ“dw

Fourier Synthesis

27 . 2T . _
lim —=dw| lim —k=w lim 7ya;, = X(jw)
1, —sco

TD ."II E e

Toa, =[x, (e di= X(jo) = |x()e™di

— ) —
ij- (ot

Fourier Analysis

EE 205 180




Fourier Transform Defined

For non-periodic signals

Fourier Synthesis

Inverse Fourier
Transform

Fourier Analysis

X(jw) = J.x(g‘)@_fmfdg‘ Forward Fourier

Transform

—

EE 205 181



—art
Example 1:

=)

X(jw)= T e e dt = j e " g
0

0

—at _—jwt | 1
X(jw)= ———| =
‘ a+ jw ) a+ j
_ 1
X(Ja))_ a+ jw

EE 205 182



Frequency Response

Fourier Transform of h(t) is the Frequency
Response

EE 205 183



Magnitude and Phase Plots

_ | | X ()| 1
H(jw)=—— : =
a+ jw 1 atje N + o
—-“:4{{ —1 0 E? 4:{? Ll:
jL;‘:{j{ﬂ} ()
T /H(jw)=—tan™| — |
L ﬂ' ._.l

H(-jw)=H (jw)




1 (<7 /2
o]

Example 2: 0 |>T/2
T/2 o T2
XGwy= | (De’Ydt= [ e ’/“dt
~-T/2 ~-T/2
—Jjt I/2 E—jmT,-"'Z B ejmffz
X(jw)=— = .
—J@\_1/2 —JW
sin(w! /2
(Jw) =

(@ /2) .






Example 3:

1 08
x(t) = — j)f( W)’ do=— [1/dw
2T o,
1 ejmr Dy 1 Ejmbr . e—jfﬂbf
x(1) = =
27wt 27T Jt




S |

.88



Example 4: x(1) = 0(1—1)

X(Gw)= [ 8te ’dt=1

=0

Shifting Property of the Impulse




x(t)=0(t) = X(jw) =1

x(t) = A8(1)
rﬂ

gy



Example 5: |[X(j®) =270(® — @)

x()=5- | 2080~ wy)e’ " dew =







Table of Fourier Transforms




Fourier Transform

Fourier Synthesis
(Inverse Transform)

| it Fourier Analysis
X(jw) = Ix(f)e ' dt| | (Forward Transform)

—C=0

Time - Domain < Frequency - Domain
X(1) = X(jw)

EE 205 194



WHY use the Fourier transform?

Manipulate the “Frequency Spectrum”

Analog Communication Systems
AM: Amplitude Modulation; FM

What are the “"Building Blocks” ?
Abstract Layer, not implementation

|deal Filters: mostly BPFs

Frequency Shifters
aka Modulators, Mixers or Multipliers:  x(t)p(t)

EE 205 195



Frequency Response

Fourier Transform of h(t) is the Frequency
Response

EE 205 196






=Y



:
0 t
X (jo)
A
:
0 )



Table of Fourier Transforms
]

xH=eult) & X(jo)=

I+ /o




Iﬁ

2

S)
ey



Fourier Transform of a
General Periodic Signal

If x(t) I1s periodic with period T,

X(jw) = iZR’ﬂk(ﬁ‘(a)— ka,)

f=—co




Square Wave Signal

x(t)=x(t+1p)

o B I R A B i
0 T /2 l Ty
a == j (De™ " dt +? J (—De " dt
0 0 0 BH/2
E—j{{hh Iy/2 —jw gkt Iy l_e—jmi:
- —jw,kT, ; J KT, , Ak




Square Wave Fourier Transform

x(t)=x(t+1y)

2T ‘ Ty

A _+

-9 m
a



Table of Easy FT Properties

Linearity Property

ax (1) +bx, (1) & aX|(jw) + bX; (jw)

Delay Property
x(t—t)) = e 7" X(jw

Frequency Shifting
x(1)e’ ™" & X(j(w- wy))

Scalin
xan & H X(#)

EE 205 205



Scaling Property

j x(at)e™ " dt = j x(A)e /A %
(i

— =D e

X
x(21) shrinks; 4 X (j4) expands

EE 205 206



Scaling Property

ax it X fjo) (b)
1 (a)
Fay
| | , SN0 A
-1 0 1 t
HEHJI & Igf:m.'l"

«J7



Uncertainty Principle

Try to make x(t) shorter

Then X(jo) will get wider

Narrow pulses have wide bandwidth
Try to make X(j®) narrower

Then x(t) will have longer duration

Cannot simultaneously reduce time
duration and bandwidth

EE 205 208



Significant FT Properties

x()xh(t) = Hjw)X(jw

x(1)p(1) & — X(jw)* P(jw)

2
x(H)e’ " = X(j(w- wy))

Differentiation Property
dx(t) |
P (Jw)X(jw)

EE 205 209



Convolution Property

TTT v(t) = h(r)* x(r)
System

o(t) h(t), H(jw) h(t)

Y(jw)=H(jw)X(jw)

Convolution in the time-domain

corresponds to MULTIPLICATION in the
frequency-domain Y(jw)=H(jo)X(jw)

EE 205 210



Convolution Example

Bandlimited Input Signal
“sinc” function

|deal LPF (Lowpass Filter)
n(t)is a “sinc’

Output i1s Bandlimited
Convolve “sincs’

EE 205 211



Ideally Bandlimited Signal

sin(1007t)
Tt

x(t) =

& X(jw) =<

—tuf, 0 fehh £l



Convolution Example

sin(10077) sin(20077) — sin(10077)
Tl Tl Tl




Cosine Input to LTI System

Y(jw)=H(jw)X(jw)

+ ro(w+w,)]

= H(jw,)mo(w— w,)+ H(—jw,)mo(w + w,)

W) = H(w)2e'™ +H(—jw,)4e™”
= H(jw)te'™ +H (jwy)te’™
= ‘H(j(z}ﬂ )lcos(a}ﬂf +ZH(jw,))

EE 205 214



Ideal Lowpass Filter

(m) (m)

aX(jw) = & (- @ 4+ & (- o,)

Hlp(jm)

I - 1) 0 @, I

V(1

O

y=x(f) 1 wy <.,

v()=0 it Wy > @,

EE 205

215



Ideal Lowpass Filter

2na_|2ra
- " . "
7., "cutoff freq.
2na 2na
ra 2na .Eata_E 3 3] 2 a, 2ua_ 2ra
9 3 4 7 A
1 i - ‘_
) @, 7 a5, -5 w, 3 o, a, 0 m Emﬂ EIUIJ-ﬂ 4u}ﬂ Emﬂ '."u:rﬂ 9“"’1]. o
V(1) = —sin(507 )+ —sin(1507)
1
0.5
ol
05 -
-1 - o~
NS LN
}-‘I-'Euq -u_::lz I:: I:I.::IE I:I.::Id- I:I.::IE ooE



Sighal Multiplier (Modulator)

-----------

x(1)

v(1) = p(1)x(7)

Y(jw)= - X(jw)* P(jo)

XGo)

b~

Multiplication In the time-domain
corresponds to convolution in the
frequency-domain.

F(@) = | XGOP((@-6)de

o

EE 205 217



Frequency Shifting Property

x(1)e’ " = X(j(w— wy))

e’ x(t)e ' dt = j x(1)e 7)1 g

T




4 Yijw) (b)
— X(fjfw +wm_]) T & Xfj(w + )




Differentiation Property

Multiply by jaw

- — [ (o) X(jw)e! " dw

i (e_mu(r)): —ae “"u(t)+ e " 8() J15,

= (1) —ae”"u(t) a+jow

EE 205 220



Table of Easy FT Properties

Linearity Property

i — J 1 .
Frequency Shifting
(1)e! " = X(j(o—my))

Scalin .
x(an = X))

EE 205 221



Table of FT Properties

X #h(h) = H(jo)X(jo)

EE 205 222



Frequency Shifting Property

EE 205 223



Convolution Property

LTI (0) = h(f) * x(f

1
System

5(1) h(t). H(jw) h)

corresponds to MULTIPLICATION in the

frequency-domain Y(jo)=H(jo)X(jo

EE 205 224



Cosine Input to LTI System

Y(jow)=H(jo)X(jo)

+ To(w+®,)]

= H(jo,)m0 (o —0,)+ H(—jo,)m8 (o + o,)

wt) = H@Gw)te'™ +H(—jo,)se”?
= H(jo)t™ +H (jo)te’™
= |H(ﬁ’ﬂ.;;. )‘CDS((HGI +ZH(jo,))

EE 205 225



Ideal Lowpass Filter

(m) (m)

aX(jey) =7 & foo- @ 4+ & [ o,)

Hy, (Jo)

i 0 ;
(il I:JD

-,

y(H)=x(t) 1t oy<ao,,

y6)=0 1f oy > o,

EE 205

226



Ideal LPF: Fourier Series

2na, Zn a,
- T T
| __ f.:.:. cutoft freq.
2n a : 2n a
2t a .?Jta?'?ﬂa T'j 13 3 2]{3? 21:3
A7 47 470 1 4° 4
“J'.,]. u.'r -Lu'} -3 "-"',;,, "“-",]. 0] “J'.,]. Emﬂ 3u:- 40 Eu}ﬂ “J'.,]. Ellu.'rﬂ u.'n

(1) = 2 sin(507) + —sin(15077)
T 3T

A
L L

T L LW LA

-1 I I 1 I 1
-I?I]-'- E 1N Fs 1 o] | 11,04 D 1K1




The way communication
systems work

STATION #1

&
kHz

STATION #2

STATION #3

TRz

STATION #4

ge’eﬂ/

SHARED
CHANMEL

BANDWIDTH

(FDM)

LISTENER #1

680 hHﬁ

LISTENER #2

T

LISTENER #3

“\‘\

T30 kHz

LISTENER #4

How do we share

bandwidth 7

_—

sa0 nPALISTENER #5

SHARED RESOURCE

CALLER #1

CALLER #2

CALLER #3

CALLER #4

L/

SHARED
TIME
SLOTS

(TDM)

RECEIVER #1

RECEIVER #2

RECEIVER #3

RECEIVER #4

/]

RECEIVER #5] *




Table of FT Properties

(O *h() = H(jo)X(jo)

Differentiation Property
ax (1
" s (o)xGo)

EE 205 229



Signal Multiplier (Modulator)

-----------

x(1)

X(jow)

———————————

.v(:) = p(1)x(?)

Y(jo)= ,}iﬂ X(jw)*P(jw)

Multiplication in the time-domain corresponds to
convolution in the frequency-domain.

Y(jo)=

L
27T

o)

[ X(OP(j(o —6))d8

—oC

EE 205



p(t) =cos(a.f) <
P(jo)=mo(®—.)+mo(o+ ®,.)

v(t) = x(t)cos(@.t) &
Y(jo) :ﬁX(jm)*[frc?(m—mﬂ)+fr5(m+ mﬂ)]




Amplitude Modulator

0 y(f}_ = x(t)cos(m,t)
X(jo) ‘% Y(jo) = %X(j(ﬂ}—mﬂ))
cos(@,.t)
+ %X(j(m +m,))

x(t) modulates the amplitude of the cosine
wave. The result in the frequency-domain
IS two shifted copies of X{(j®).

EE 205 232



1 M <I sin(aw 1)

x(1) =+ < X(jw)=2
0 [f>T (@)

V(1) = x(t)cos(m.t) <=

Y(jo)= sin((@ — o, )T)  sm((o+ o, )T')
S (0—0.)  (o+ @)






Lecture 10
Sampling



ildeal C-to-D Converter

Mathematical Model for A-to-D

lﬁ
—
=

Ideal C-to-D Converter

EE 205

r|n]

x|n]|=xnl,)

~_ | FOURIER

TRANSFORM
of x(t) 22?

236




Periodic Impulse Train

p (1)
T T T (1) T{l} T(l} T{l}
=31, 21, -1 T 21; 315
jkmr 27
p(f) = Zb(r—ﬁT)— Z € Wy =—
H—=—o00 f=—0o 5
| L/ 1 [Fourier Seri
- OUHTIET SEFIES
a, =— jf?(r)e_jkwfrdr =
T T
S —T./2 5



FT of Impulse Train

— 2T

“p(= Y8(t-nT) o P(jo)= z—ﬁ(m ko)

l::__m T
p(1)

JTITTTTT.

=37, 2T, -T;

F{jcu"ﬂ [h'}

1ot

|f'.l'.|'




Impulse Train Sampling

x(t) .%() xi-(f)‘_

pt) =Y 8(t —nly)

=00

v ()=x(t) T 8t-nT)= ¥ x()8(t—nT)

Jl=—0oo H=—oco

x, () = E x(nL)Xt—nl))

J]——0o




Illustration of Sampling
J s () =x(0)pQ) (a)
_x(f)
xi—Ty) x(3T%)
(27 A

x(— ”h} 4 y ,rrﬂrn:u
r, 1

l —zﬂ _T, J_ 2T, 3T, 4T \, ¢
/4 .1“:.” 7

v (—=3T}) x(Is) x (1) = Zr(nl‘" )o(t—nT,)
yx[n] = x(nT;) (b}
x[—1] x13]
x|2]
x|=2] c]4]
L] ] I ’
2 3 4 'n

x|=3] o



Sampling: Freq. Domain

X (1) .r.j(t)}

. jkw:  EXPECT
pit) = Zake FREQUENCY

fr=—oo SHIFTING !!!

(1) = Zﬁ(r—nr)_ Za;{ /!

JF'I. ——0a

EE 205 241



Frequency-Domain Analysis

R

x, (1) = x(1) E o(t—nl,)= 3 xnl,)o(t—nI))

Fl=——c= Fl=—c=




Frequency-Domain
Representation of Sampling

AX ()
“Typical” A
bandlimited signal / \
] o0
X,(jo)y=— % X(j(@-kay))
S f=—0co




Aliasing Distortion

A o)
“Typical” A
bandlimited signal
ity
b ) L3

If . < 2w, , the coples of X(jw) overlap,

and we have aliasing distortion.

)|
) A M

L
,k-.p".

X, X, Uy R

hXs () o \

244



Reconstruction of x(t)

Reconstruction

e e . r
x (1) X (1) Eilter X (1)
H,(jw)

Jj(.Jf)— x(n1,)o(t—nT,)

H=—oo

X(]m)—— T‘ X(j(w—-kwy))
5k—_m

A, (o) =H,(jo)X;(j©)

EE 205 245




Reconstruction: Frequency-Domain

‘l..r."': {_J' fn'.-i'_} 1-_'.U
/\ A it 1 90 A A
=20 —w; =5 0 F oy 2enng m
WHo (o) If @, >2w,.the copies of
H.(jw) T X (jw) donot overlap, so
—2en —{ihy _% () % (el 2o, ::r
“1:1{_;{-'—-':'
r (c)
(L,

j i i . -
_':._['_l-_l_'. _{u.ll_ —I:".li_, [} '”.J!:. ['_I-_I_'. 2'” ?.'|' {1}



ldeal Reconstruction Filter

[P yf1ie
HF’ Uﬂ_}) = 4 j;','? TJ
0 |o>—
TS
T U, i ) o
_ﬁ Ts )
* .'-'T: .Iralrlr‘j
S1N — f 0 1h (0) =1

h.(nl,)=0,n=x2112,




Signhal Reconstruction

x () =h.(t)*x.(t)=h.(1)* (t—nl,)

> x(nl;

Ir(f): E x(ﬂfi.}hr(r—ﬂf;)

Jl—=—o

o 5111—(1*—;?}”)
()= 2 x(nT,) -
' n=—co E %( —nlT)

Ideal bandlimited interpolation formula

EE 205 248



Shannon Sampling Theorem

“SINC” Interpolation is the ideal
PERFECT RECONSTRUCTION

of BANDLIMITED SIGNALS

A signal x(t) with bandlimited Fourier transform such that X (jw) = 0
Jor |w| = wy can be reconstructed exactly from samples taken with
sampling rate w, = 2w f Ty = 2wy, using the following bandlimited
interpolation formula;

- s [Tl (L — 'MT,;]']
r.t] = r(nd ey H

EE 205 249




Reconstruction in Time-Domain

X ll)=x(r)pil) ‘1[ | ]:ain.iirlli:r;]';ﬁ::%n";'

3T, A T T I + T A 7 1,
T, -1 T

T. ¢ . 3T, 4T,

ginlmi /T & W=cls
0] /= 1T, Ii_:_.[El in; L .'1?_1' flIT
_”4 T-!i t "
2T, -T., 27, 3T, 4T, |
x[-1]3 :rlr]i",i.'f'it: xrli)

A A
31'. | T _j-lr:r /\_/‘\ -;.r /"\_/.\ﬁ _
2T, -T, 2T, 3T, 4T, :\/-21; _T, ’k..\/J’w 3T, 4T ¢
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ldeal C-to-D and D-to-C

ro(t) | Conver

- ..
"

-
—

—

—\_-
[
- = =

—_—l =

Sequence
=

ldeal C-to-D Converter

x[n]=x(nT)
Ideal Sampler

Convert
to
Impulses

1
1

Reconst. R
Filter :
H. I_rJ'uJ | 1
1

Ideal D-to-C Converter

=0

H=—oo

x,.(f)= 2 x[n]

.
SlIlTEE:?‘—HI;}

Z(=nT,)

Ideal bandlimited interpolator

1 =0

X(o)== % X(j(w-Fkay))

T

Sk:—c::-

EE 205

X,(jo) = H,(0)X, (o)

251




SAMPLING x(t)

UNIFORM SAMPLING att=n
IDEAL: x[n] = x(nT,)

x(1)

x[n
X0l crtoD ——»

Shannon Sampling Theorem
A continuous-time signal x(f) with frequencies no higher than f.. can be

at arate f, = 1/ 7 thatis greater th

reconstructed exactly from its samples iliﬂ F(rn T, ), 1if the samples are taken

EE 205 252



NYQUIST RATE

‘Nyaguist Rate” sampling
f. > TWICE the HIGHEST Frequency in X(t)
“Sampling above the Nyquist rate”

BANDLIMITED SIGNALS

DEF: x(t) has a HIGHEST FREQUENCY
COMPONENT in its SPECTRUM

NON-BANDLIMITED EXAMPLE
TRIANGLE WAVE is NOT BANDLIMITED

EE 205 253
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