SPEED OF SOUND, a AS A NONDIMENSIONALIZING PARAMETER

1 Dimensional, isentropic flow

a a+da
p p+dp
p p+dp
T T+dT
Momentum Equation
F=pA
F=ma= md—V =pA
dt
Alp-(p+dp))=pAa((a—da)-a)
Adp=pAada
dp

a

=p da Euler Equation for steady motion

Continuity Equation

mass, = mass,
pAa=A(p+dp)a—da)
pa=pa+pda+adp—dpda
pda=adp 0

combining momentum and continuity,

dp s=conctant

general result

not limited to an 1deal gas

Mach Number, M = bt
a



MACH WAVE - very weak pressure wave

M ~ 3.5 as drawn

a

Mach Angle, v =Sin™' (—j =Sin" — (4.1)
u

Interferometer
image




SPEED OF SOUND IN AN IDEAL GAS

for an 1sentropic process

p

p v’ = constant = — air at 500 R
p a=,7gRT

Inp—yInp=constant o \/1 1 154515 RbTbmole R Tomft
dp dp ' 28.97 Ibm/ Ibmole Ibf sec’
'y v o a =1096.4 ft/sec
(dpj _,P

dp p helium at 300 K
for an ideal gas a=a=,/yRTx1000

2

P_rT a= [1.67x 5314 K kgmole K\ 0 kgmisec” o
P 4 kg/kgmole

a=1020.5 m/sec



STAGNATION PROPERTIES AS NONDIMENSIONALIZING PARAMETERS

properties after a gas is brought to rest isentropically, s=constant
properties with u=0, M=0

h, + 1%1 =h, + 'l Energy Equation TO —.
| | O
P M
CT _CT+u2 /pl Ml
T, =c, - 2’ 2
2

u2 / g M
TO : T : /

2Cp
T po po S
it

since the stagnation process is isentropic entropy = constant

— =1, s=constant



1-D ISENTROPIC FLOW OF AN IDEAL GAS

2

2
h, + u71 =h, + % energy equation (only the energy equaton is required)

for u, =0
2
u
h, =h2+72
2
¢, To=cT+—
2
T—O:1+ -
T 2¢, T
R
since ¢, ==
v—1
2
To_,0-Du
T 2yRT
To vl
T

= 1+TM2 Table C.10, (12.25)

[a: YRT, M:u/a]

“O
O
Il
7\
U
_|_
<
I
U
<
N
-<

[pvY = constant < As = O]

since for isentropic flow, pv’ = constant

i y-1
1 — (132] T (ij (12.26)
T, P, P

1

Po _ (1 el M2jy Table C.10, (12.28)

1

-1

Table C.10, (12.27)
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TABLE C.10 Isentropic Flow Functions
(One-Dimensional, Ideal Gas, y = 1.4)

M /T, P/ po P/ po
0.00 1.0000 1.0000 1.0000
0.02 0.9999 0.9997 0.9998
0.04 0.9997 0.9989 0.9992
0.06 0.9993 0.9975 0.9982
0.08 0.9987 0.9955 0.9968
0.10 0.9980 0.9930 0.9950
0.12 0.9971 0.9900 0.9928
0.14 0.9961 0.9864 0.9903
0.16 0.9949 0.9823 0.9873
0.18 0.9936 0.9777 0.9840
0.20 0.9921 0.9725 0.9803
0.22 0.9904 0.9669 0.9762
0.24 0.9886 0.9607 0.9718
0.26 0.9867 0.9541 0.9670
0.28 0.9846 0.9470 0.9619

0.30 0.9823 0.9395 0.9564




REAL GAS AND IDEAL GAS PROPERTY MODELS

2
h, =h, +u7 Energy Equation

Ideal Gas Real Gas Property Module
T,p,p.s,h,u
M=u/a M=u/a
a=+/YRT =1 (1 property) a= %j a="f (any 2 properties)
p s=constant
h=c T=f (1 property) h= : c, (THT h = f(any 2 properties)
1sentropic process As =0 As=0

pv' = constant

As = cplnL%) — Rln(p—zJ S = I (du+pv)dT s=1 (any 2 properties)
1 Pi



Example

Ata pointin al- D isentropic flow, p = S5psi, T =530 R and p, =150.
What 1s the Mach Number, and stagnation temperture ?

Since the flow is 1sentropic, p, = constant ( T, 1s also constant)

i
Po 130 o[ty I Table C.10 Solution ( table uses -,
P 5 Po
il _1 text equaton is —)
M2=|30" - /(—Vz )
P o0 333
M = 2.866 Po 130
p
_ Table C.10 @ ,— =.0333, M =2.86
To _ 1 Y=l =307 =2.642 o @ Po
T 2
Lo =2.624
T, =530%x2.642=1400R T =
Non isentropic flow :
- flow with friction

- flow with heat transfer

- flow across shocks



enegry equation
SONIC STATE AS A h1+u12/2=h2+u§/2
NONDIMENSIONALIZING PARAMETER

c,Ti+u//2=cT,+u;/2

M has the disadvantages of being: since, ¢. =y R/(y—1)
? p
- a functionof varablesother th locit
u \% esother thanvelocity VRT1+1112:VRT2+U§
vy—-1 2 v—1 2
The properties wherethe Mach numberis 1 2 + i = 2 + i
’ y-1 2 y-1 2

at M=1, a=u=a’

- becominglargeatlarge Mach numbers

designated™*, the sonic flow condition,

can be used as a nondimensbnalizingparameter.

2 2 *2 *2
.. a u a a
Characterstic Mach Number 1 7172 7
y-1 2 vy-1 2
P ,a’
M?=—=—=M"— dividing by u’
a u a

(a*/u?) +l_ vy+1 a”

* v—=1 2 2(y-1u’
M =0, M* =0 T (1/M?) v+l a” _l(V_l)
M<0, M <0 M y—1 ) (y-1) u> 2(y-1)
M>0, M >0 I _y+1l (=D
M:w,Nﬁzlﬂ- “ Mﬁh M? 2M*22 2
y-1 M’ = T G-D) (3.37)

2M™ 2



1-D ISENTROPIC FLOW OF AN IDEAL GAS

Using sonic flow rather than sonic velocity as a dimensionless reference,

T ,p.p,a ,u are defined as the properties where M = 1.

using, %:1+V_1M2 withT=T",
r__ 1t _.2 for y=14
TO 1_|_y__1 'Y+1
2

a? yRT 2 T _ exs
a, YRT, v+l T,
p (2 ) P _ 578
Po y+1 p(*)

1 P

* ol =.634
2 +1 .
P(j P



SHOCK WAVE FORMATION

pressure
force

Mo < 1

ot /__> momentum
> 7 | centrifugal
{a) Subsonic flow
- / force
— 7

Mm} I A k——

3

vy ¥
¥

T
=

(b) Supersonic flow

shadowgraph image

Figure 3.8 | Comparison between subsonic and supersonic streamlines
for flow over a flat-faced cylinder or slab.



SHOCK WAVE FORMATION

—> accelerating piston

ﬁ

distance




NORMAL SHOCK

EQUATIONS
continuity equation pu, =p,u,
omentum equation p, +p,u =p, +p,u;
2 2
energy equation h, + u71 =h, + %

enthalpy h=c¢ T
sonic velocity a* = yRT, ideal gaslaw p=pRT

RESULTS : a’=u,xu,
. 1

M, =—

Ml
1+((y_1)ij

M2 = 2 (12.41) Table C.11
Y1\/12 _(7_1)
)

P, P Poi

1

E&) (12.46), EP—ZJ (12.45), [Lj (12.47), (@j (12.28), Table C.11

M, <M,
P> > Py
T, >T,
a,>a,
u, <u,
Toi =To,
Po2 <Poi



NORMAL SHOCK
sonic velocity change across a noramal shock

continuity pu, =p,u,

momentum  p, +p,u; = p, +p,us
2 2

energy h+2 h+2

enthalpy definition h=c¢ T
a’ =yRT
ideal gas law p=pRT

sonic velocity

dividing energy by continuity,

2 2
p, Py, _Db +p,U,

pLY, P,U,

pll)llll ) pflzlz SR
a’=yRT=yplp ,p=%
substituting into ,

Yo, Y4

energy equation

2

2

*2

h, + :h2+72

2 2

u u
cpT1+71:cpT2+72
since, ¢, :ﬂ, and a’=yRT

vy—1

YR T, u_f:yRT2+u_§
y—-1 2 v—1
y-1 2 y-1 2
multiplying by (y —1), an
letting 2 be sonic, u, = u = a*,a =a
a®> u a’ a”’ v +1

- = —+ =
y—=1 2 y-1 2 2(y- 1)
a2:y+1 *2_y+1u2

2 2
=T -

1 . 1
aj =" ey -]

*



NORMAL SHOCK

Mach Number change across a normal shock

| —1 1 . -1
Y+ alz_Y_ul |y azz_Y_uz —u,—u,
2 vy, 2y 2 yu, 2y

multiplying 1 terms by % and 2 terms by 2

u, u,
+1 ) -1
! (uz_ul)a2+y—(u2_u1):u2—ul
2yu, u, 2
vy+1 a*2+y_—1:1
2yu, u, 2y

a*2+7—12yu1u2 _2ywu,
2y y+1 v+1

7 2yu,u, l_y—l
y+1 2y

a =uu,
- u1 u2 MM
a a
M=
Ml
substituting
2
2+(y-1)M

for M; and M,

1+((y;1) Mf)
M2 =

2 _1)
e -
Y My 5
(12.41) or Table C.11




ENTROPY CHANGE ACROSS A NORMAL SHOCK

a shock 1s adiabatic
q=0= Cp(Toz _T01)

T,, = T,, = constant

TO] TO 2

Shock

)
As=c, In hj —-R ln[hj

T, = constant

As =—R lnipﬁj
Poi

although p, >p,
Por <Poy = As =+
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FLUID AND FLOW PROPERTIES

TABLE C.11 Normal Shock Flow Functions
(One-Dimensional, Ideal Gas, ¥ = 1.4)

M, M, Po./ po, L/T, P2/ p p2f
1.00 1.000 1.000 1.000 1.000 1.000
1.02 0.9805 1.000 1.013 1,047 1.033
1.04 0.9620 0.9999 1.026 1.095 1.067
1.06 0.9444 0.9998 1.039 1.144 1.101
1.08 0.9277 0.9994 1.052 1.194 1.135
1.10 0.9118 0.9989 1.065 1.245 1.169
1.12 0.8966 0.9982 1.078 1.297 1.203
1.14 0.8820 0.9973 1.090 1.350 1.238
' 1.16 0.8682 0.9961 1.103 1.403 1272
1.18 0.8549 0.9946 1.115 1.458 1.307
1.20 0.8422 0.9928 1.128 1.513 1.342
1555 0.8300 0.9907 1.141 1.570 1.376
1.24 0.8183 0.9884 1.153 1.627 1.411
1.26 0.8071 0.9857 1.166 1.686 1.446
1.28 0.7963 0.9827 1.178 1.745 1.481
1.30 0.7860 0.9794 1.191 1.805 1.516




Example
Before a normal shock ina duct, M =2.5,p, =100 ps1, T, =800 R.

Find T, P and M after the shock.What is the entropy change and Pos
stagnation pressure change across the shock? TOl T02
before the shock, Table C.10, Isentropic Flow Pos ‘_
P, T1 o
@M, =2.5, Table C.10, ~-=.0585, —=.4444 isentropic I
Po To equations /
: normal
p, =100x.0585=5.85ps1, T, =800x.4444 =355.5R Table A.1 shock
X’ equations
after the shock, Table C.11, Normal Shock - Table C.11
@M, =2.5, TableC.10, P2—7.125 12_7137, Por_ 499 S
Pi T, Poi

p, =7.125x5.85=41.68 psi, T, =2.137x355.5=769.7R, py, =.499x100=49.5ps1

As=c, ln(Lj —-R 1n[&j As = —R ln[pﬂj
T, P Poi

1545.15 1n(7.125) Ag— 1545.15

28.97x 778 28.97x778
As =.1822 - 1347 = +.0475 Btu/lbm R As = .0477 Btu/lbm R

As = .24 x1n(2.137)- In(.499)




REAL SHOCK BOUNDARY LAYER INTERACTION

Actual deceleration in a duct occurs through a series of oblique and normal shocks
with thickening upstream laminar or turbulent boundary layers which can separate from
the duct walls before, during or after the shock process.

separation

2
e

s
S

-
it

oblique shocks

thickening upstream boundary layer
— laminar or turbulent



Normal Shock

TO ! * TO 2 p 02

1D lIsentropic

Dy

p. M,

p, M, I

T
/p* M
/ |




SUBSONIC - SUPERSONIC FLOW WITH AREA CHANGE

Quasi 1 Dimensional, Isentropic Flow

energy equation
u2
h + 5 = constant

differentiating, dh +u du = constant
dh =-udu (1)
Istand 2nd law, T ds =dh _d_p

P

ds = 0 since the flow is isentropic

dh =2

Y
combining with (1)

pressure decreases in accelerating flow

pressure increases in decelerating flow

continuity p A u = constant

dpAu)=0
d(lnpAu)=0
dp+dA+du:O
p A u
substituting (2) for du
dpdp+dA_dp
pdp A up
dA _dp( 1 dp
A plu® dp
dA dp 1_u_2
A pu’ ¢’
dA (I-M?

o),
A pu

. 2

da_, -w)
dp pu



SUBSONIC - SUPERSONIC FLOW

2
d_A — A (1 -M ) accelerating flow decelerating flow
d 2 nozzle diffuser
P pu
dp <0 dp >0
du du

SUBSONIC FLOW

M <1 da >0 aa <0 T D —
dp du

SUPERSONIC FLOW

M>1 d—A <0 d—A >0
dp du

General conclusion. Not limited to an ideal gas.



AREA CHANGE IN ISENTROPIC QUASI-1D FLOW OF AN IDEAL GAS

Continuity Equation pu' A" =pu A

* *

A pa _pop,a

" —_—

A pu p,pu

since the flow is isentropic

the stagnation properies are constant,

from the Energy Equation
using (12.27)at M =1,

1

P_oz(m_-lej“
p 2

Po _Po with M =1
PP

1

Po _ (V"'ljy_l
p 2

squaring (a) and subsitiuting,

REGIGICR

AY 1 ( 2 v—1
e 1+ —
A M2 y+1 2

Table C.10 Isentropic Flow

BISEE]

ERETR AliVE
2) 2

v—1

Y+IM2
2

v+l

szj“ (12.33)
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TABLE C.10 Isentropic Flow Functions
(One-Dimensional, Ideal Gas, y = 1.4)

M T P/ pe 2l AlA*
0.00 1.0000 1.0000 1.0000 o
0.02 0.9999 0.9997 0.9998 28.94
0.04 0.9997 0.9989 0.9992 14.48
0.06 0.9993 0.9975 0.9982 9.666
0.08 0.9987 0.9955 0.9968 7.262
0.10 0.9980 0.9930 0.9950 5.822
0.12 0.9971 0.9900 0.8928 4.864
0.14 0.9961 0.9864 0.9903 4,182
0.16 0.9949 0.9823 0.9873 3.673
0.18 0.9936 0.9777 0.9840 3.278
0.20 0.9921 0.9725 0.9803 2.964
0.22 0.9904 0.9669 0.9762 2.708
0.24 0.9886 0.9607 0.9718 2.496
0.26 0.9867 0.9541 0.9670 2.317
0.28 0.9846 0.9470 0.9619 2.166
0.30 0.9823 0.9395 0.9564 2.036
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FLUID AND FLOW PROPERTIES

TABLE C.11 Normal Shock Flow Functions
(One-Dimensional, Ideal Gas, v = 1.4)

I, M, Po/Po, /T, P2/ py P2l
1.00 1.000 1.000 1.000 1.000 1.000
1.02 0.9805 1.000 1.013 1.047 1.033
1.04 0.9620 0.9999 1.026 1.095 1.067
1.06 0.9444 0.9998 1.039 1.144 1.101
1.08 0.9277 0.9994 1.052 1.194 1.135
1.10 0.9118 0.9989 1.065 1.245 1.169
1.12 0.8966 0.9982 1.078 1.297 1.203
1.14 0.8820 0.9973 1.090 1.350 1.238
' 1.16 0.8682 0.9961 1.103 1.403 1.272
1:18 0.8549 0.9946 1.115 1.458 1.307
1.20 0.8422 0.9928 1.128 1.513 1.342
1.22 0.8300 0.9907 1.141 1.570 1.376
1.24 0.8183 0.9884 1.153 1.627 1.411
1.26 0.8071 0.9857 1.166 1.686 1.446
1.28 0.7963 0.9827 1.178 1.745 1.481
1.30 0.7860 0.9794 1.191 1.805 1.516
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1D Isentropic Flow
Table C.10, equations, module

Lo (L+115wﬂ022$
T 2

po (

Po ( 1227

v—1

jyazz&

T,
T
T,
T

v+1

(v+1 1+—M2D2(H) (12.33)




Converging Nozzle

2 M
T
° 4\ &=(1+V_IJ:TO=12
pO , T 21 T
¥l
Po /- p_o:(T_OJY:p_O:1893
p \T p
M, 1
p—O:(E)YI:p—:l.SW
p T p
A
~1.0
1-0 A*
Po _ p_o<po
p | p p
Po _Po _1g93 M=1
p p

p_o>po

*

p P




example

a, = /YRT =+/1.4x.287x350 =375 m/sec
M, =150/375 = .4 2MPa
isentropic @ M, = .4, 350K \
1 _ 9690, Pr— 8956, 2 =1.590 150m/sec |
To Po A 100kg / sec ﬂ Ly
p, = p__ 200kPa _ 2.32 kg/m’ —
m, =pA,V,
om 100 gy
pV,  2.32x150
; A )
A=A, = A, x—=.287/1.590 =.1805m m
Al
T, T Po _ Po Po _ Po
@M=1,—2=-0=-12 =0=20-1893 =2=70-1577 Po
T T p p p P P 5 X Py
* |

T*:T—XT—Olez L x350=301K =T, .

T, T, 1.20 " .9690 T T,

. | | T = x T,

p*:p—xp—oxp1 x.2MPa=.118 MPa=p, ..

= X
1.893 .8956

A ?
T ?
p.?



CONVERGING DIVERGING NOZZLE

A =5
=100 \_/ | |
Po ) Isentropic solutions are
A=l A, =.85 possible at exit pressures
/ \ from stagnation to the pressure
at C subsonic.
At — . .
A, 8 Isentropic solutions are not
A, possible at exit pressures from
A, at C subsonic to C sonic. Exit

Pressures in this range require
a normal shock in the diverging

Po

A
fB Section.
) C subsonic | An glngle isentropic solution
g is possible at exactly the
P pressure at C supersonic
L@M=1
p C sonic

distance



CONVERGING-DIVERGING NOZZLE — Flow Regimes

A

/subsonic flow

isentropic solution

f normal shocks
X

w H oblique shocks

isentropic solution
P-M expansion

\ 4

distance



Po = 10atm, M, =3 Normal exit shock (@ M = 3, . .

Design exit D subsonic exif

Table C.10 @M, =3, M, =48, —==1033 A

P C.10@| — =4.235,

P _ o7 p, =10.33x.272 =2.81atm A" ), bsonic

Po Throat, Table C.10@ M =1 Pi_ 986.p =9.86atm
=.986,p, =9.

(iij = 4235 P 5283 Po

supersonic pO Ml — 14
p; =10x.0272 = .272atm

p, =100x.5283=5.283a

A

D —/////////////”"’————_——__— subsonic flow

p, =9.87a,M, =.14

normal
shocks
p, =5.283a
X p2 — 2.8a,M = 48
‘ oblique
shocks p; =.27a,M; =3.
P-M
expansion

v

stagnation  throat distance — exit



UNDER EXPANDED

pexit > p back

pressure

flow expands in to exit region
adjustment in a Prandtl - Meyer

expansion



OVER EXPANDED

pexit > p back

pressure

flow compresses into exit region

adjustment 1n a Oblique Shock

NEUTRAL




P, =367atm —

Nozzle exhausting directly
to the atmosphere.

'-r — o
- st e P = 1 At
: M, =3

p, =3.55 atm —— Dy =P = 1 atm

p, = 0.097 atm
| -~ normal shock
z‘-’r’.-"fff'fff/f/ff;';/ ______
2 7

) Nozzle with a normal shock at the exit,
exhausting to the atmosphere.

Isentropic C.10 @ M = 3;

Pe _ 02722
Po

Po =36.73x1atm =36.73

Normal Shock C.11@ M, = 3;

P 1033
P
Po :p—oxﬂxpz
Py P
po =073 13 56atm

©10.33



LL L AL L LS

M, =0.475 M1
P, = 0.857 atm P.. =1 atm
Py, =1 atm Po =D,,

M, =3
P, = 3.04 atm

—ee
ME = 0.083 atm
7 - foffffffffff%

Nozzle with a normal-shock diffuser. The normal shock is
shghtly upstream of the divergent duct.

Normal Shock C.11@ M, =3;

P: _1033,M, =.4752

Pi Isentropic @ M = 3;

P, =D, XE_;:-SSSX 1033 =.083 atm II))_l — 02722

Isentropic C.10 @ M, =.4752; 0 b

&2.854 Po =Py Xp—(l):.083><36.73= 3.049 atm

Po
p, =1latmx.854 = .854 atm



