STEADY, INVISCID ( potential flow, irrotational) INCOMPRESSIBLE

CONTINUITY EQUATION

N Av > 007 0P
Ox Oy V= oP 1+ o k
Y is a solution to the continuity equation where,
u=a—\P and V_@‘P VeV=0

Cox

subsitiuting into the continuity equation,

0 (6‘1’) 0 (a\yj
+ =0
ox\ 0y ) oOy\ ox

¥ 1s the Stream Function

Y = constant i1s a streamline

MOMENTUM EQUATION

Bernoulli's equation along a streamline, ¥ = constant



du dv
tanv1=d—y=71, tanyzzd_xzyz

for small angles tan o =a

. 1 l1{dv du
o, rotatlonza(yl+yz):_ o=

2\dx dy
for irrotational flow, ® =0,
dv_du
dx dy
® is a solution to this equation where,
oD oD
u=— and v=—
OX oy

subsitiuting to prove this,

0 [ 0D _a[acbj
ox| oy | oy\ ox

@ is theVelocity Potential®




¢ and ¥ are perpendicular

dd :agdx+a£dy
OX oy

d® = udx + vdy
where © 1s constant d® =0
ﬂ _u

dx \%

dy :a—wder%de

[9);9
dy = —vdx + udy
where W is constant d¥ =0
dy _
o

dy o __u v
dxo dy, vV u

u
\"



LAPLACE'’s EQUATION

Laplace's equations is of the form,
VF=0
0°F 0o F, O°F _
2 T 2
ox~ Oy az

where F 1s a function and solution

Laplace's equation 1s linaer

solutions, F,can be added
O°F 0°F
581332?1“1 cotution 0°F.  0°F
2 + 2 o Z > T 2
Ox oy ox* Oy

comblned = Z \P

solution

comblned = Z (D

solution




It can be shown that ¥ and @ satisfy Laplace's equation
1) substitute the expressions for y into the irrotational condition

2) substitute the expressions for @ into the continuity equation

For Continuity. For the condition for irrotational flow,
ou ov ov Ou
_—t— = O -
ox 0oy dx dy .
from the definition of ®, from the definition of P, VeV =0
oD oD oY ov Ve(VD)=V’D =0
u= V= u= —_—, = —
dx  dy dy dx Ve(V¥)=V2¥ =0
substituting, subsitiuting,
82(D+52(D_0 a( 8‘1’)_6 o¥
ox* oy’ ox\ dx ) oyl dy
oak R

0

8X2 T 8y2



EXAMPLE

O=x"+y’

Y =2xy

= oo =2X u= o =2X
dx dy
o0 oY
dy dx

verify solutions,

2CD 2
aa > +a?:0:2—2:0
X

u

v

Bernoulli's Equation
pV’
2
p(u’ +v?)
2
P=Do—2p(X" +Yy")

P="Po

P=DPo

2X

Y=2xy




UNIFORM FLOW SOLUTION

v

u=U,v=0
00

u=——="U,
OX

integrating,

v
C

@ = Ux + constant
choose ® =0,¥Y =0, atx=0,y=0 oV
® = Ux YTy

in cylindrical coordinates where. ¥ = Uy

U

X =1 c0s0,y=rsin0 in cylindrical coordinates,
® =UrcosH Y =U rsind



SOURCE FLOW SOLUTION

q = volume flow flux

u, = ,Vo =0
27r
-
B dr
ob q
dr 2nur
O = idr
21
(I)zilnr
21

In Cartesian Coordinmates where,

r=4/x"+y’
() :2iln\/x2 +y’
T

1o
fr o0
qQ _10¥

dnr r 00

q
=—0
v 2

In Cartesian Coordinates,

where tan ™ (zj =0

X

Y= 9 tan (Z]
21 X



POTENTIAL VORTEX SOLUTION

Potential Vortex Solid Body Rotation

ru, =constant

u,=ntDw
u, = constant U, =211 o
r
u,=Cr
u =0
o Uy
u, | A I L]
solid body Totation > "
viscouis potential vortex

rotatioan! flow inviscid, irrotational



Potential Vortex

Circulation T

u,r =constant

constant
u, =

r

. . - —>
circulation, I = ﬁ; Veds
S

I'= J-uerde

F—M constant 40
_'!' :

I'=2nxconstant

constant =—
2T

Lo
" 2mr

Y and ¢
dd I
u9: —
rd0 2xnr
cp:j LR
27T
d-L o
2T
4 __d‘P_ |}
’ dr 2nmr
‘P:j L dr
2Tr
‘P:—Llnr
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CIRCULATION

intensity of rotation

1n a control volume

F=H\70dS

F J:[ tangent to

surface

dl' =udx + (V + v dxjdy

OX

— (V + ou dyjdx —vdy
0y

_Ht‘%_a“ xdyzzjsjoozds

v+ —dx
X

ou
u -+ g dy
y >
\%
u
— X
Vtan gential



DOUBLET W gnd ® 180-(180-6,)-0, =0, -9,

sink, ¥, = —2i91, source, ‘¥, =i92
s

DOUBLET —sink plus source

separated by a distance a

Y= =—%(@1—92)

tan(6, -0, )~ 2x as a—0 X
r

for small (0, —6,), tan(6,-6,)=6, -8,

2X
0, -0, A Since 2 = 1Y
. or r 00
X =asinB K sin 0
LP:_ansinO 8@_18(_ r j_ K cos©
T o r 8 1
\P:_Ksme K cos 0

r O =+




FIGURE 12.28
Flow net for doublet.




DOUBLET PLUS UNIFORM FLOW

/ 0
L/

K sin

r
y =0, 1sa closed surface

@0=0, y=0

@O=mn, y=0
K sinf

\lj — \Vuniform + \Vdoublet

flow

y=U_ rsin0 -

_rsinf =

/ — a circle of radiusr

K= UOOR doublet of strength K required

to get a circle of raddius R

2
CD=UOOr(:036+U°°R cost
r
" = 8CD %) (U rcosG+U R? COSGJ
8r r
2
u = U, cosO— U_R 2cos@
r
ue:ag 0 U, rcos@+U R"cos®
ro0 r@@ r
U_R’sin0

u, =—U_sin0- 3

@0 =0, u, =0 at the front stagnation point
@ 0 =m, u, =0 at the rear stagnation point
@r =R, thesurface of the cylinder,

U, R’ sind

2
r

u, =-U_cos0-

u, =—2U_ sin0



STAGNATION POINTS

stagnation pointsatu, =0,v. =0,r=R

u, =—2U_sin0 R
u, =0at0 =0, the trailing point
and 0 =, theleading point =1
2
u =U, cosO— U_R 2cos 0
r
atr =R
2
U = U, cosO— U_R 2cos 0
r
2
u =U, cos— U_R 2cos@
R

u =U_cos0—-U_cos0
u =0atallOandr=R
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Fig. 11.6. Pressure distribution mea- 7
| steady Flow

sured around a circular eylinder during
the starting process, after M. Schwabe £-Pa
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f| 246
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XI. Non-steady boundary layers

222

Fig. 11.50b

Fig. 11.52

Fig. 1154

11.5¢

Fig.

f. Formation of vortices in flow past a circular cylinder after acceleration from rest
(L. Prandtl)

Fig. 11.5 a to
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Jakowski Transformation (of the potential flow V¥, ® field)

"
Z, =a| z+—
Z



Kl

IDra.-u Sheamline vi Strength = <32 Angle = 5 w= 702

+ t f # + t t ¥ + t t # + t t

-10/x]

y=1.94

Wl arminns Annlek Aiindoes

|21 = alz + b/z) = a= |1.n b= |.? ¥l =-1.32

+ + + + + + + + + + + + + + +

+ + + + +
+ + + + +
+ + + + +
+ + + + + + + + + + + + + + +

|Warning: Applet Window

B
The Ideal Flow Machine 4.0

HWhH[1

E O
Yoy

EL)

EDED|

Text a

AN 0

EH
Loy

il
L
X




MAGNUS EFFECT
lift generated by a rotating cylinder in uniform flow

Uniform Flow + Doublet + Potential Vortex

v =Ursind —Elnr —Llnr
21 2n
® =UR cosb +Kcos(9 +L9
r 21

K - Doublet strength

I — Potential Vortex circulation

dd 1 do
r 1 Ug =~

dx r do
stagnation points u, =0,u, =0,r=R

u
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T ELETINER-ROTOR

4 km/h

(b)

FIGURE 1243
Flettner's ship. ( From Palmer Coslett, Power from the Wind, New York, Putnam, Van Nostrand (.
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Joukowski Transformation
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Kutta Condition
Viscous fluid can not make the sharp trailing edge turn
of the indal flow solution.
Rear stagnation point must be at the training edge.

Add vortex strength to achieve this condition.
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