Flows with Friction
Simple Shear Flows

Shear stress = tangent force per unit area at a point
o lim AF,
Ad—0 A4

Shear stress is caused by slower moving molecules in one
fluid layer getting into a faster moving adjacent layer and
tending to slow it down. Conversely, molecules in the
faster moving layer get into the slower moving layer and
tend to speed it up. There is a net momentum exchange
across the surface which gives rise to a shear stress.
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Shear Flow between Parallel Plates
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u(0)=0, u(h)=U
Wall and plate are long — flow is parallel
and no pressure forces
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Strain measured by change in angle
gﬁ dydt 5
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Strain rate = a0 = ou
dt Oy

Assume stress proportional to strain rate = Newtonian fluid

4 = viscosity, a property of the fluid
. N/ m* _ Ns
- ouldy (m/s)/m 2

Air: 1 =180x105Ns/m?> ©=147x10"m?/s
Water: 1 =1.00x10" Ns/m?  ©=1.00x10"m? /s
SAE 30 oil: 4 =230x10""Ns/m? ©0=3.16x10"*m?/s
Mercury:  p=1.56x10"Ns/m?> ov=1.15x10"m?/s

u = absolute viscosity

v = u/ p = kinematic viscosity = property of a fluid
v ~m?* /s = kinematic units

r = constant for the moving plate problem

G_u:j‘_ uziy where U=0 at y=0
ay U )7

~uw=Ufory=h Then r=uU/h




Example A rotary viscometer is a devise for measuring
the viscosity of a fluid. The sheared fluid between the
cylinders puts a torque on the outer cylinder which is
measured. What is the viscosity of the fluid as determined

from the measured torque?

Data:
Radius of inner cylinder = R = 5cm
Angular velocity inner cylinder = (1000rpm)
Clearance between the cylinders = e = 2mm
Length of the cylinders = L =15cm

Measured torque on outer cylinder = 7 = 2.5x10™ Nm

@ =27(1000)/60=104.7rad / s
T'=R+e)rf[Al=(R+e)r[27n(R+e)L]

T 2.5x1073
= >x10 — 0.981N / m?

T 2r(R+e)’L  27(0.052)2(0.15)

~(0.002)(0.981)
©(0.05)(104.7)

3.75x10™* Ns/ m?




Parallel flows involving pressure and friction.

Fully Developed flow in a parallel plate channel
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Fully developed flow: x>, where L,= entry length
Parallel flow, no acceleration, balance between pressure
and friction force
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General Viscous Flows

Stresses: normal and shear
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Normal stress is unique

Shear given by a stress and angle or two components
State of stress on an area is given by three components,
one normal and two shears

O x>0 x>0y = X,¥,Z components of stress on the x area.

Three dimensions - three surface orientations which are
perpendicular to the x,y, z axes. State of stress - nine
components, three components on each of three surfaces




Stress Matrix

Three normal stresses o, ,0,,,0,, and six shear stresses,
however, it can be shown using the moment of moment

equation that ,, =0, 0,, =0 ,,and o, =o,,. Thus
there are six independent components of stress.

o is the total stress which includes the pressure.
DT Ty Txy Txz
T T p+T Wy T vz
Tox sz —pPtT,
-p is the normal stress due to pressure
7 components are due to viscosity.

Stresses in the X—Direction

Newton’s Second Law for the x-direction
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Equation of Motion
pDu _ _ap n 5Txx + az—yx Y szx
Dt ox  oOx oy 0z

For the y and z directions
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Strains: a) Normal, b) Shear

Strain due to the normal stress 7, - elongation in x-direction

(strain),, = (&%) ar — (6X),
(o),

Shear stresses change the corner angles
(strain) ,,, = 6, + 0,

Relate strains to velocity field
oV (x,»,20) o
X
oV (x,y,z,t
(X, ,2,1) 5
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oV(x,y,z,t) 5
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V(x +0x,y,2,t) = V(x, v, 2z,t)+

V(x, y+oy,z,t)= I7(x, y,Az, 1)+

V(x, V,Z+0z,t) = V(x, v, zZ,t) +




Relative Velocities and Rotation of Coordinate Elemens
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Velocity component (dv/dx)dx rotates the segment s
around the z axis
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Shear strain rate = average of the two angles
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Rotation of the fluid element = average rotation of two
perpendicular line segments

w, = %(6"1 —0,) = Lov %) = rate of rotation (rad/s)

5(& - oy
of a fluid element about the z axis




Navier-Stokes Equations for two dimensions
Newtonian fluid - stress is proportional to strain
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Substitute stress components into equation of motion

or
p_D_L.l_:_a_p+aTxx+ yx:__@_f_/u E(Z—a—l-lj+£ ézi_f__a_‘_;_
Dt ox  Ox oy ox ox\ ox) oy\ody ox

With the continuity equation du/dx +0v/dy =0
Du_ o, [Pu o
r Dt ox # axz 6)}2
where the viscosity was taken to be constant.
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With the continuity equation du/ox +6v/dy =0 there are
three equations to determine u,v and p.




